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Abstract
This thesis reports on detailed studies of collective oscillations of an ultracold gas of
fermionic 6Li atoms. A key feature for our experiments is the tunability of particle-
particle interactions. This is realized in the vicinity of a broad magnetic Feshbach
resonance. The Feshbach resonance also has the effect that there exists a stable
bosonic molecular 6Li2 state on the repulsive interaction side of the resonance. These
molecules can form a Bose-Einstein condensate (BEC). On the other side of the res-
onance fermionic atoms form Cooper pairs and the system can enter a superfluid
Bardeen-Cooper-Schrieffer (BCS) state. There is a smooth crossover between the lim-
its of a molecular BEC and a superfluid fermionic quantum gas in the BCS state. This
BEC-BCS crossover is an interesting model system for other fields of physics, e.g.
neutron stars or high-temperature superfluidity. Our experiments allow for measure-
ments in this crossover regime.

Collective oscillations are a useful tool to study the properties of many-body sys-
tems. In this thesis, we present different low-energy collective oscillation modes. We
focus on radial modes of a cigar-shaped gas cloud, as these are suited best for measure-
ments in our experimental setup. In particular, we give a theoretical description of the
radial compression mode, the radial quadrupole surface mode and the radial scissors
mode.

We conduct precision measurements of the frequency of the radial compression
mode. This probes the equation of state of the system and allows for a detection
of beyond mean-field effects. The experimental results fully agree with theoretical
predictions in the unitarity and in the BEC limit. High precision results in the strongly
interacting BEC regime allow for a detailed quantitative analysis of theoretical models
and favor quantum Monte Carlo theory over mean-field BCS theory.

The radial quadrupole surface mode is not affected by the equation of state of the
system. Therefore we use this mode to determine if the gas is in the hydrodynamic or
in the collisionless regime. We examine frequency and damping of this mode, along
with its expansion dynamics. Our results show the transition between the collisional
regimes in the BEC-BCS crossover.

We present first results on the radial scissors mode that show the way to future
experiments. A detailed characterization of the temperature dependence of this mode
together with studies of rotating systems open up possibilities to test superfluidity. This
enables us to study superfluidity at temperatures of a few ten percent of the Fermi tem-
perature. In this way our experiments with ultracold gases in the BEC-BCS crossover
regime are connected to theories of high-temperature superconductivity.
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Zusammenfassung
In dieser Arbeit präsentieren wir detaillierte Untersuchungen der kollektiven Oszilla-
tionen eines ultrakalten Gases von fermionischen 6Li Atomen. Für unsere Experimente
ist die Abstimmbarkeit der Teilchen-Teilchen Wechselwirkung fundamental, was wir
mittels einer breiten magnetischen Feshbach Resonanz realisieren. Diese Feshbach
Resonanz ermöglicht auf der Seite mit abstoßender Wechselwirkung die Bildung
stabiler, bosonischer 6Li2 Moleküle, die ein Bose-Einstein Kondensat (BEC) bilden
können. Auf der anderen Seite der Resonanz bilden sich Cooper-Paare aus fermion-
ischen Atomen, was zur Bildung des suprafluiden Bardeen-Cooper-Schrieffer (BCS)-
Zustands führen kann. Zwischen den beiden Grenzfällen eines BECs und eines BCS-
Zustandes findet ein kontinuierlicher Übergang statt. Dieser BEC-BCS Crossover ist
ein interessantes Modellsystem für andere Teilgebiete der Physik wie beispielsweise
Neutronensterne oder Hochtemperatursupraleitung. Unsere Experimente ermöglichen
konkrete Messungen in diesem Crossover-Regime.

Kollektive Oszillationen sind eine Methode zur Untersuchung der Eigenschaften
von Vielteilchensystemen. Wir stellen niederenergetische kollektive Oszillations-
moden vor, wobei wir uns auf die für unseren experimentellen Aufbau geeigneten
radialen Moden einer zigarrenförmigen Wolke beschränken. Wir beschreiben ins-
besondere die radiale Kompressionsmode, die radiale Quadrupolmode und die radiale
Schermode.

Wir messen die Frequenz der radialen Kompressionsmode, was eine Untersuchung
der Zustandsgleichung des Systems, insbesondere auf über die mean-field Beschrei-
bung hinausgehende Effekte, ermöglicht. Unsere Ergebnisse stimmen mit theoretis-
chen Berechnungen im Limes unitärer Wechselwirkung und im BEC-Limes überein.
Hochpräzisionsmessungen im stark wechselwirkenden BEC Regime erlauben außer-
dem eine detaillierte quantitative Überprüfung theoretischer Modelle und bestätigen
die Quanten-Monte-Carlo Theorie gegenüber der mean-field BCS Theorie.

Die radiale Quadrupolmode wird nicht von der Zustandsgleichung des Systems
beeinflußt. Deshalb nutzen wir diese Mode um festzustellen, ob sich das Gas im hydro-
dynamischen oder im kollisionsfreien Regime befindet. Wir messen neben Frequenz
und Dämpfung dieser Mode auch ihre Expansionsdynamik. Unsere Ergebnisse zeigen
den Übergang zwischen diesen beiden Regimen im BEC-BCS Crossoverbereich.

Wir zeigen abschließend erste Ergebnisse zur radialen Schermode. Eine genaue
Charakterisierung der Temperaturabhängigkeit dieser Mode zusammen mit einer
Untersuchung rotierender Systeme eröffnet neue Untersuchungsmöglichkeiten von
Suprafluidität. Auf diese Weise können wir Suprafluidität bei Temperaturen von
mehreren zehn Prozent der Fermitemperatur erforschen. Unsere Experimente mit ul-
trakalten Gasen im BEC-BCS Crossover ermöglichen somit den Brückenschlag zur
Theorie der Hochtemperatursupraleitung.
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Chapter 1

Introduction

Progress in physics is connected with both qualitative and quantitative understanding
of new phenomena. In recent years, the study of ultracold quantum gases with new
experimental techniques has greatly advanced our understanding in many-body quan-
tum physics. New qualitative phenomena have been observed, most prominently the
experimental realization of Bose-Einstein condensates (BEC) [And95, Bra95, Dav95].
After the initial qualitative experiments, there have been quantitative measurements.
These measurements have been conducted with great precision, which improved the
understanding of theoretical models.

Particles can be classified according to their total spin. Particles with integer spin
are bosons, whereas particles with half-integer spin are fermions. After the first cre-
ation of a BEC in dilute atomic gases in 1995 [And95, Bra95, Dav95], a rapid progress
in the field of bosonic gases occurred. In a similar way, the exploration of fermions has
been increasingly successful in recent years. Spectacular achievements have been the
creation of quantum degenerate Fermi gases [DeM99, Tru01, Sch01] and of BECs
of molecules with fermionic constituents [Joc03a, Gre03, Zwi03, Bou04, Par05].
The two main species for the creation of ultracold Fermi gases are the alkali atoms
40K [DeM99, Roa02, Köh05, Osp06, Aub06] and 6Li [Tru01, Sch01, Gra02, Had02,
Joc03a, Sil05]. In this thesis, we will focus on experiments with 6Li.

A key feature in experiments with ultracold fermionic atoms is the control of the in-
teractions between the particles. Feshbach resonances [Ino98], which are magnetically
tunable scattering resonances, serve as powerful tools for the control of interactions.
In the vicinity of a Feshbach resonance, one can change the interactions from attractive
to repulsive behavior.

An additional aspect is the existence of a weakly bound, diatomic molecular state
on the repulsive interaction side of a Feshbach resonance. These weakly bound
molecules consist of two fermionic atoms, but they are bosons themselves. For tem-
peratures below a critical temperature, the bosonic molecules form a superfluid BEC.

There is also a superfluid state on the other side of the Feshbach resonance, the
Baarden-Cooper-Schrieffer (BCS) state [Bar57b]. The BCS state does not consist of
localized molecules, but of pairs correlated in momentum space. These pairs are called
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1 Introduction

Cooper pairs [Coo56].
The region of strong interactions around the Feshbach resonance links the two su-

perfluid limits of the BEC and the BCS states; it is called BEC-BCS crossover region.
Here, the quantum gas is governed by many body physics. The gas can be in differ-
ent collective interaction regimes, in particular the hydrodynamic and the collisionless
regime. The BEC-BCS crossover has attracted large theoretical interest for more than
35 years [Eag69, Leg80, Noz85, Eng97]. Experimental exploration started only a cou-
ple of years ago in the field of ultracold gases [Bar04b, Reg04, Zwi04, Bou04, Kin04a],
after it became possible to tune interactions around a Feshbach resonance. Since then,
several experiments probed the crossover regime with different experimental tech-
niques. In this thesis, we focus on measurements of collective oscillations.

Collective oscillations of a trapped gas are a powerful tool for investigations of the
macroscopic properties of the system. In the field of atomic BEC research, there have
been intense studies of collective modes both in theory [Edw96, Str96, Fet96, Sin96]
and in experiments [Jin96, Mew96, Jin97, SK98b, Ono00, Mar00, Che02]. Based on
the rich experience with bosonic atoms, the study of collective oscillations of strongly
interacting Fermi gases was a logical next step. The first experiments investigated the
compression mode of a gas in an elongated trap geometry [Kin04a, Bar04a]. These
experiments yielded qualitative results for the behavior in the BEC-BCS crossover.
Detailed studies with quantitative results were conducted only in the near-unitarity
regime [Kin04a].

Quantitative studies of the whole BEC-BCS crossover are the main topic of this
thesis. Detailed results of collective oscillations in a cylindrically symmetric trap ge-
ometry enable us to conduct such studies. We present precision measurements of the
radial compression mode that allow to distinguish between different theoretical mod-
els. Furthermore, we use the radial quadrupole surface mode and the radial scissors
mode as a sensitive probe to map out the hydrodynamic or collisionless behavior of
the gas in the BEC-BCS crossover regime.

Our results help to better understand the physics in the BEC-BCS crossover. We
can experimentally test theoretical models, which have their origin even in other fields
of physics. In this way, our results for an ultracold gas could also improve the knowl-
edge of more complex systems, in particular in the field of high temperature supercon-
ductivity.

At the beginning of this thesis in chapter 2, we shortly introduce the properties of
degenerate quantum gases in the BEC-BCS crossover that are relevant for our mea-
surement. Then, in chapter 3 we describe the physics of the collective oscillations that
we examine in our experiments. A brief description of our experimental setup with the
focus on recent changes and additions is given in chapter 4. Afterwards, we present
basic experimental methods in chapter 5. Our experimental results of measurements
of the radial compression mode are shown in chapter 6. Then, in chapter 7, the results
for the radial quadrupole surface mode are presented. Finally, chapter 8 gives an out-
look for future experiments based on our most recent results of measurements of the
scissors mode.
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Chapter 2

Degenerate quantum gases in the
BEC-BCS crossover

Experimental studies of degenerate quantum gases have opened a new field of physics
in the past decades. In such degenerate gases exciting quantum mechanical features
can be studied. This chapter introduces some basic concepts and definitions, which
will be used throughout this thesis. First the basic properties of degenerate Bose and
Fermi gases are presented in section 2.1 and 2.2, respectively. Then we will concen-
trate on the BEC-BCS crossover in section 2.3; in this section the focus of interest
shifts from a general view to a more specific description of a 6Li experimental sys-
tem. In particular, a Feshbach resonance is a crucial tool to tune the particle-particle
interaction strength and in this way explore this crossover. A very broad Feshbach
resonance in 6Li [Bar05b] enables us to study the BEC-BCS crossover between the
limits of two superfluid systems: The one superfluid system is a dilute Bose-Einstein
condensate (BEC) consisting of weakly bound molecules. The other is a Bardeen-
Cooper-Schrieffer (BCS) state of Cooper pairs, which are correlated in momentum
space only. This crossover region has been a subject of great theoretical interest for
almost forty years [Eag69, Leg80, Noz85, Ran95, Che04] and has recently become
accessible for experimental studies [Bar04b, Reg04, Zwi04, Bou04, Kin04a, Bar04a,
Chi04a, Gre05, Kin04b, Kin05b, Gri07]. In this chapter the BEC-BCS crossover is
introduced. Later in this thesis the central question how superfluid and hydrodynamic
behavior is present throughout the BEC-BCS crossover arises. Collective oscillations
as a unique probing tool help to answer this question.

The behavior of a gas, especially its statistical properties, depends on the tempera-
ture T . Fig. 2.1 shows an overview how decreasing temperature changes the character-
istics of a gas. At higher temperatures, a gas can be considered to consist of point-like
particles, like billiard balls, and is governed by Maxwell-Boltzmann statistics. In the
classical limit, there is no difference between a gas consisting of bosons or fermions.

For decreasing temperatures, the particles can no longer be treated as point-like.
These gases now are better described as quantum mechanical wave packets with a non-
negligible spatial extent. As a quantity to describe the spatial extent of these quantum
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2 Degenerate quantum gases in the BEC-BCS crossover

mechanical wave packets, we introduce the thermal de Broglie wavelength

λdB =

√
2π~2

mkBT
, (2.1)

where m is the mass of the particle and kB is Boltzmann’s constant.

c) d)

bosons

billiard balls wave packets

n λdB≈1 T = 0

fermions

a) b)

en
er

gy

BEC

Fermi Sea

EF

3 T

Figure 2.1: Transition from a classical gas of identical particles into a quantum mechanically
governed degenerate gas. At high temperature the mean interparticle distance is much larger
than the size of the particles and they can be considered as point-like (a). If the temperature is
lowered, the wave-packet nature of the particles gives rise to quantum mechanical behavior (b).
For temperatures where the de Broglie wavelength is on the order of the interparticle spacing
(nλ3

dB ≈ 1), bosons begin to form a BEC and occupy the ground state of the trap (c, upper row).
fermions however fill up the lowest lying states, occupying each state by only one particle (c,
lower row). In the limit of T = 0 a pure BEC and a completely filled Fermi sea are formed,
respectively (d).

At even lower temperatures, the extent of the wave packets starts to get larger
than the interparticle spacing, which is given by n−1/3 in a gas of density n. Thus
the individual wave-packets begin to overlap. The phase space density D of a gas is
defined as

D = nλ3
dB. (2.2)

For D ≈ 1 the gas becomes degenerate. Here the wave packets start to overlap. For
a degenerate quantum gas, differences between bosons and fermions emerge. bosons
would condense in the ground state, which marks the onset of Bose-Einstein conden-
sation . For T = 0, bosons form a pure Bose-Einstein condensate (BEC), all particles
populate the ground state.
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2.1 Degenerate Bose gases

Fermions, however, can occupy each state by only one particle. Therefore, there is
no macroscopic occupation of the ground state for fermions, which fill up the lowest
lying states instead. The Fermi energy EF marks the energy, up to which all lower
lying states are filled with exactly one particle. The corresponding temperature TF is
called Fermi temperature. A degenerate Fermi gas at T < TF consists only of a gapless
series of filled energy states, which is also called a Fermi sea.

2.1 Degenerate Bose gases

This section describes some basic features of Bose gases and BECs. First, in 2.1.1,
an ideal, noninteracting Bose gas and the degenerate case of a noninteracting BEC are
described. This simplified system can already be used to describe some main features
of a BEC. Later, in 2.1.2, the case of an interacting BEC is considered. Including
interactions enables us to describe the whole system with a single wave-function in
the Gross-Pitaevskii equation. Furthermore, a description in the Thomas-Fermi limit
enables us to calculate the density and the chemical potential of the system in a simple
way.

Both noninteracting and interacting BEC are superfluid, which is important in the
context of collective oscillations (see 3.1). For a detailed overview of the phenomenon
of Bose-Einstein condensation, the textbooks of Pethick and Smith [Pet02] as well as
of Pitaevskii and Stringari [Pit03] are recommended.

2.1.1 Ideal, noninteracting Bose gas

The simplest approach to describe a Bose gas is to consider it as an ideal, noninteract-
ing gas. This approach leads to the Bose-Einstein distribution function and includes
the feature of Bose-Einstein condensation. We derive the critical temperature Tc for
the onset of Bose-Einstein condensation and calculate the number of particles in a BEC
for temperatures below Tc.

An ideal Bose gas consists of noninteracting particles. For an ideal Bose gas in
thermodynamic equilibrium, the mean occupation number Ni of a single particle state
i with energy εi is given by the Bose-Einstein distribution function

Ni = n(εi) =
1

exp [(εi − µ)/kBT ] − 1
, (2.3)

where µ is the chemical potential. µ is fixed by the normalization condition N =
∑

i Ni

and can be calculated as a function of T and total particle number N. For the limit of
high temperatures, the Bose-Einstein distribution is well approximated by the classical
Maxwell-Boltzmann distribution.

For low temperatures, the chemical potential µ approaches the energy ε0 of the
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2 Degenerate quantum gases in the BEC-BCS crossover

ground state. The occupation number N0 of the ground state is given by:

N0 = n(ε0) =
1

exp [(ε0 − µ)/kBT ] − 1
. (2.4)

For µ → ε0, N0 becomes increasingly large. This macroscopic occupation of the
ground state is the origin of Bose-Einstein condensation.

The total number of particles N = N0 + NT consists of the particles in the ground
state N0 and the number of excited particles NT given by

NT (T, µ) =
∑
i,0

Ni(T, µ). (2.5)

For fixed T and µ→ ε0, there is a maximum of NT given by

NT,max =
∑
i>0

1
exp [(εi − ε0)/kBT ] − 1

. (2.6)

In a harmonic trap with trap frequency ω, Eq.(2.6) can be written as

NT,max =

∫ ∞

0
dε

ε2

2~3ω3 (
exp (ε/kBT ) − 1

) . (2.7)

If NT,max < 0, there must be a macroscopic number of particles in the ground state. This
is the onset of Bose-Einstein condensation. A critical temperature Tc can be connected
with this onset and is given by [Pit03]

Tc =
~ω
kB

(
N
ζ(3)

)1/3

, (2.8)

where ζ is Riemann’s zeta function.
For the number of particles in the condensate N0, one finds for T < Tc [Pit03]

N0 = N
1 − (

T
Tc

)3/2 . (2.9)

2.1.2 Interacting BEC
In contrast to the ideal noninteracting Bose gas, we now include particle-particle inter-
actions in the theoretical concepts. For ultracold temperatures, the relevant parameter
to describe these interactions is the s-wave scattering length a [Pit03]. As long as inter-
actions are weak, they can be described by a meanfield interaction. Such a description
is only valid as long as the following condition of diluteness is valid

n|a|3 � 1. (2.10)
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2.1 Degenerate Bose gases

With such a meanfield-approach, Gross [Gro61] and Pitaevskii [Pit61] showed inde-
pendently that at T = 0 and in the limit of N � 1 the condensate wave function Φ(r, t)
(also referred to as the order parameter) obeys the Gross-Pitaevskii equation

i~
∂

∂t
Φ(r, t) =

(
−

~2∇2

2m
+ Vext(r) + g|Φ(r, t)|2

)
Φ(r, t), (2.11)

where g = 4π~2a/m is the coupling constant. The Density and the wave function of
the condensate are related by n(r, t) = |Φ(r, t)|2.

Stationary solutions of the Gross-Pitaevskii eqn.(2.11) take the form

Φ(r, t) = Φ(r) exp
(
−iµt

~

)
, (2.12)

where Φ(r) is normalized by
∫

dr |Φ(r)|2 = N.
With Eq.(2.12), the Gross-Pitaevskii equation reduces to(

−
~2∇2

2m
+ Vext(r) + g|Φ(r)|2

)
Φ(r) = µΦ(r). (2.13)

From Eq.(2.11) one also obtains the continuity equation

∂n
∂t
+ ∇j = 0, (2.14)

where j is the current density of the gas [Pit03].

Thomas-Fermi limit

In the Thomas-Fermi limit, the kinetic energy term in the Gross-Pitaevskii equation
((2.11) and (2.13)) can be neglected. In this limit, the Gross-Pitaevskii equation simpli-
fies to an equation which coincides to a classical Euler equation of a gas with pressure
P = gn2/2 and superfluid velocity vs [Pit03]

m
∂

∂t
vs + ∇

(
1
2

mvs
2 + Vext + gn

)
= 0. (2.15)

Also the continuity equation (2.14) simplifies to

∂n
∂t
+ ∇(vSn) = 0. (2.16)

The density profile in the Thomas-Fermi regime is given by [Bay96]

n(r) =
{ [
µ − Vext(r)

]
/g , µ ≥ Vext

0 , µ < Vext.
(2.17)

17



2 Degenerate quantum gases in the BEC-BCS crossover

With the normalization N =
∫

dr n(r), the chemical potential in a harmonic trapping
potential is given by [Pit03]

µ =
~ωi

2

(
15Na

aho

)2/5

, (2.18)

where we introduced the harmonic oscillator length

aho =

(
~

mωi

)1/2

, (2.19)

where ωi is the trap frequency in the direction of interest.
The density profile of a BEC in the Thomas-Fermi limit takes the form of an in-

verted parabola and becomes zero at the Thomas-Fermi radius RT F , which is described
by

RT F =

√
2µ

mω2
i

= aho

(
15Na

aho

)1/5

. (2.20)

The peak density is determined by

nmax =
µ

g
=

1
8π

(
(15N)2

a3a12
ho

)1/5

. (2.21)

2.2 Degenerate Fermi gases
This section describes the properties of a degenerate Fermi gas. An ideal Fermi gas is
described in 2.2.1. There, we focus on the case of an ideal Fermi gas at T = 0 in a
harmonic trapping potential. In 2.2.2 the influence of interactions on a Fermi gas are
described.

2.2.1 Ideal Fermi gas
For identical fermions, the distribution function f (ε) of a single particle state i with the
energy εi is given by the Fermi-Dirac distribution function

f (εi) =
1

exp [(εi − µ)/kBT ] + 1
, (2.22)

where µ is the chemical potential.
In the presence of a harmonic trapping potential with trap frequency ω, the nor-

malization condition

N =
∫

dε
ε2

2(~ω)3 f (ε) (2.23)

for a number of N identical fermions determines the chemical potential µ in Eq.(2.22).
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2.2 Degenerate Fermi gases

In the limit of T = 0, all states with energies smaller than the chemical potential
µ(T = 0) are occupied, whereas all states with larger energies are unoccupied (see
Fig. 2.1). This crucial energy µ(T = 0) is also called Fermi energy EF, with

EF = µ(T = 0) = kBTF, (2.24)

where TF is the so-called Fermi temperature. For temperatures T < TF the gas is said
to be quantum degenerate.

With the definition of the Fermi energy (2.24) one can also define the Fermi
wavenumber kF by

kF =

√
2mEF

~
. (2.25)

From Eq.(2.23), the Fermi energy in a harmonic trap is found to be

EF = ~ω(6N)1/3, (2.26)

which results in a Fermi wave number

kF =

√
2m
ω(6N)1/3

~
. (2.27)

Similar to the Thomas-Fermi radius of a degenerate Bose gas (see Eq.(2.20)), from
(2.26) one finds a characteristic size RF of a Fermi gas with

RF =

√
2EF

mω2 = aho(48N)1/6. (2.28)

For the experimentally relevant case of a cylindrically symmetric trap with axial trap
frequency ωz, axial width Z, radial trap frequency ωr and radial width R, the spatial
density distribution n(r) is found to be [Pit03]

n(r) =
8
π2

N
R2Z

(
1 −

r2

R2 −
z2

Z2

)3/2

. (2.29)

Using the Fermi wavenumber kF, one can derive the corresponding momentum distri-
bution [Pit03]

n(k) =
8
π2

N
~3k3

F

(
1 −

k2

k2
F

)3/2

. (2.30)

2.2.2 Interacting Fermi gas and BCS theory
In 2.2.1 an ideal Fermi gas consisting of identical particles is described. Such a Fermi
gas is noninteracting, as Pauli’s exclusion principle prohibits collisions between cold
particles. In a mixture of cold fermions with different spin states however, interactions
via collisions are possible. This case becomes important in our experiment as we work
with a mixture of two spin states of 6Li (for details see 2.3.1.
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2 Degenerate quantum gases in the BEC-BCS crossover

For a spin mixture of fermions with attractive interactions, there exists a superfluid
state at low temperatures (T . 0.1TF). This phase transition is equivalent to the transi-
tion of electrons into the superconducting state. The theory describing this transition is
called BCS theory after the work of Bardeen, Cooper and Schrieffer [Bar57b]. Accord-
ing to BCS theory, two fermions with opposite spin and momentum can be coupled by
an effective attractive interaction to form a bound state of delocalized, composite parti-
cles. These pairs in momentum space are called Cooper pairs [Coo56] and are bosons,
even though their constituents are fermions. Therefore, Cooper pairs can condensate
in the ground state in a way quite similar to Bose-Einstein condensation.

A consequence of BCS theory is the existence of a pairing gap in the excitation
spectrum of the superfluid gas. For a uniform Fermi gas at zero temperature, that
interacts with attractive s-wave interactions, the pairing gap is found to be [Gor61]

∆ =

(
2
e

)7/3

EF exp
(
−
π

2kF|a|

)
≈ 0.49EF exp

(
−
π

2kF|a|

)
. (2.31)

The transition from the normal to the superfluid phase takes place at a critical temper-
ature Tc. This temperature is directly related to the value of the pairing gap at zero
temperature (2.31) and is given by [Gor61]

Tc =
eC

π

(
2
e

)7/3 EF

kB
exp

(
−
π

2kF|a|

)
≈ 0.28

EF

kB
exp

(
−
π

2kF|a|

)
, (2.32)

with C being Euler’ s constant (C ≈ 0.577). Note that due to an exponential factor the
critical temperature in a dilute gas, obeying the condition kF|a| � 1, is much smaller
than the Fermi energy.

2.3 BEC-BCS crossover
In sections 2.1 and 2.2, we introduced the superfluid regimes of BEC and BCS, and de-
scribed both in a general way. In this section, we want to leave the general description
and focus on the specific case of a system consisting of 6Li atoms. Both regimes can
be realized with pairs consisting of two fermionic 6Li atoms. In the case of localized
molecules, a molecular BEC can be created. For dimers consisting of Cooper pairs,
which are not localized and only correlated in momentum space, the BCS state can be
reached. Repulsive interactions are necessary for a stable BEC state, whereas the BCS
regime requires attractive interactions of the particles. By changing the interactions
from repulsive to attractive ones, a transition from a BEC to a BCS state is possible.

In this section we describe the control of interactions in a gas of 6Li atoms by a
magnetically tunable Feshbach resonance. The Feshbach resonance provides the pos-
sibility to smoothly change the particle-particle interactions in the gas from repulsive
to attractive ones by changing the scattering properties of the particles. The Feshbach
resonance is also connected with the existence of a weakly bound molecular state. This
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2.3 BEC-BCS crossover

enables us to create extremely stable dimers of 6Li atoms with lifetimes of > 30s at
magnetic fields below the position of the Feshbach resonance at 834G [Bar05b]. These
molecules can form a weakly interacting BEC of molecules, which is one of the two
limits of the BEC-BCS crossover. Approaching the resonance from this “BEC-side”
interactions get stronger and our system of a strongly interacting BEC is no longer de-
scribed by mean-field interactions. The precise quantitative exploration of this strongly
interacting BEC regime is the major goal of the collective compression mode experi-
ments(see section 3.2 for a theoretical and chapter 6 for an experimental description).
In the vicinity of the resonance position, interactions get so strong that they are only
limited by unitarity. In this so called unitarity regime, our system can be considered as
a strongly interacting Fermi gas. Unique features like resonance superfluidity and uni-
versal behavior of a Fermi gas are predicted in this regime. For magnetic fields above
the resonance position, interactions are attractive and no molecular state exists like on
the other side of the resonance. Here, on the so-called “BCS-side” of the resonance,
Cooper pairs are formed, which can lead to the existence of a superfluid BCS state for
low enough temperatures. Being strong near to the resonance, interactions get weaker
for increasing magnetic fields so that finally the limit of a weakly interacting BCS state
is reached.

Figure 2.2: Schematic phase diagram of a gas in a harmonic trapping potential for the BEC-
BCS crossover [Per04]. The range of 1/kFa spans from the molecular BEC regime over the
unitarity regime at resonance (1/kFa = 0) until the BCS regime. The phase transition from the
normal to the superfluid phase is marked by the critical temperature Tc.
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2 Degenerate quantum gases in the BEC-BCS crossover

In order to describe the BEC-BCS crossover, the interaction parameter 1/kFa
turned out to be useful. Here kF is the Fermi wave number (see Eq.(2.25)) and a is
the atomic s-wave scattering length (see the following subsection).

2.3.1 Interactions in 6Li and Feshbach resonance
Interactions in a gas of ultracold 6Li atoms are mainly determined by s-wave scatter-
ing. An important parameter to describe the interactions is the atomic s-wave scatter-
ing length a. For a > 0, interactions are repulsive, for a < 0 attractive. According
to Pauli’s exclusion principle a mixture of different spin states is necessary for inter-
actions between fermionic 6Li atoms. We therefore use an equal mixture of the two
lowest lying spin states of the electronic S1/2 ground state of 6Li.

Figure 2.3: Energies of the different spin configurations for the electronic ground state of 6Li
atoms in a magnetic field. Important for our experiments is mainly the high magnetic field
range, where the nuclear spin essentially decouples from the electron spin. We use a two
component mixture of atoms in the lowest two states, labeled with 1 and 2 (inset), close to the
broad Feshbach resonance centered at 834 G.

Fig. 2.3 shows the magnetic field dependence of the energy structure of 6Li in the
S1/2 state. In general, 6Li behaves similar to any alkali atom [Ari77] and is described
by the Breit-Rabi formula. There is a coupling of the nuclear spin I to the angular
momentum of the electron J at zero magnetic field. This leads to a hyperfine splitting
of 228.2 MHz between the states with quantum number F = I + J = 1 + 1/2 =
3/2 and F = I − J = 1/2. For higher magnetic fields, when the Zeeman energy
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2.3 BEC-BCS crossover

becomes larger than the energy of the hyperfine splitting, the nuclear spin decouples
from the electron spin. In this so-called Paschen-Back regime the quantum number
F is no longer suited to distinguish between the different energy levels. Instead, the
atom’s energy structure is well described by the orientation of electron spin ms and
the orientation of the nuclear spin mI . Two triplets of energy levels are formed, which
show the same magnetic field dependence for the same orientation of ms. Throughout
this thesis, the energy levels are labeled with numbers according to increasing energy
(see inset in Fig. 2.3). For our experiments we use mixtures of the two energetically
lowest spin states |1〉 (ms = −1/2,mI = +1) and |2〉(ms = −1/2,mI = 0). These
states are adiabatically connected with the states F = 1/2, mF = 1/2 and F = 1/2,
mF = −1/2 at low magnetic fields.

Figure 2.4: Magnetic tunability of the s-wave scattering length a around a broad Feshbach
resonance [Hou98, Bar05a]. a is plotted versus magnetic field for a spin mixture of 6Li atoms
in the two lowest spin states. The vertical dotted line indicates the exact resonance field (834G),
where a goes to infinity and the interaction is only limited through unitarity.

For a mixture of 6Li atoms in the two lowest spin states |1〉 and |2〉, there exists
a Feshbach resonance [Fes58, Tie93, Ino98] in the atomic s-wave scattering length a
[Hou98]. The scattering length a as a function of the magnetic field B is displayed in
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2 Degenerate quantum gases in the BEC-BCS crossover

Fig. 2.4. There is a pronounced resonance feature around the central magnetic field
of B0 = 834.15 G. In the vicinity of the Feshbach resonance both large positive and
negative scattering lengths can be achieved. At magnetic fields below B0, particle-
particle interactions are repulsive and the scattering length a is positive, until at a zero-
crossing at about 530 G [O’H02b, Joc02] a starts becoming negative for decreasing
magnetic field strength. For all experimental reachable magnetic fields above B0, the
scattering length is negative (i.e. interactions are attractive).

In order to describe of the s-wave scattering length from the magnetic field B, we
introduce a fit formula [Bar05a]. For magnetic fields between 600 and 1200 G the
scattering length a can be fitted to better than 99% by the formula

a(B) = abg

(
1 +

∆B
B − B0

)
(1 + α(B − B0)), (2.33)

with the background scattering length abg = −1405 a0, the width of the resonance
∆B = 300 G and α = 0.040 kG−1. Here a0 = 0.0529177 nm is Bohr’s radius.

This Feshbach resonance enables us to change interactions and in this way access
the BEC-BCS crossover regime by changing the magnetic field B. The 6Li Feshbach
resonance at 834 G is especially broad compared to other resonances. This broadness
enables one to precisely tune a(B) within the experimentally achievable precision of
magnetic field control.

Besides the broad 834 G resonance for a spin mixture in the states |1〉 and |2〉, there
exists a similar broad s-wave resonances for spin mixtures in the states |1〉 and |3〉
(|2〉 and |3〉), which is centered at 690 G (811 G). Furthermore, there is a significantly
narrower resonance of the states |1〉 and |2〉 centered at 543 G [Die02, O’H02b, Str03].
There have also been p-wave scattering resonances of 6Li observed [Zha04, Sch05].

For magnetic fields below the Feshbach resonance at 834 G, where the scattering
length is positive, the atoms are weakly bound in a molecule. This molecular state is
crucial for the creation of a molecular BEC like described in 5.1. A condition for the
existence of this molecular state is a large enough scattering length with

a � RvdW, (2.34)

where
RvdW = (mC6/~)1/4 /2 = 31.26a0 (2.35)

is the characteristic length of the van der Waals interaction between two 6Li atoms.
The binding energy of the weakly bound molecular state is given by [Gri93]

Eb =
~2

m(a − ā)2 , (2.36)

where ā is the mean scattering length given by ā = 0.956RvdW. Eq.(2.36) is based
on the universal expression Eb = ~2/(ma2) [Lan77] and includes a correction for the
non-zero range of the van der Waals potential. Fig. 2.5 shows the binding energy Eb
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2.3 BEC-BCS crossover

calculated by Eq.(2.36) as a function of the magnetic field. For magnetic fields below
approximately 600 G equation 2.36 starts to deviate because the scattering length is
decreasing and becomes similar to RvdW.

6 0 0 6 5 0 7 0 0 7 5 0 8 0 0 8 5 00 . 0 1

0 . 1

1

1 0

1 0 0

 

E b / k
B (µ

K)

m a g n e t i c  f i e l d  ( G )
Figure 2.5: Calculated molecular binding energy for 6Li molecules. The calculation is based
on equation 2.36. The units are chosen for comparison with experimental temperatures (kB ×

1µK ≈ h × 20.8kHz).

A characteristic feature of the weakly bound molecules is their large size. The
molecular wave function extends over a much larger range than the interaction poten-
tial and falls off exponentially for large interatomic distances r � RvdW. This regime,
where the size of the bound quantum object exceeds the size of the classical system,
is also called “quantum halo regime” [Jen04]. Details of the short-range interaction
are no longer relevant for such quantum halo states and their physics acquires univer-
sal character [Bra06]. Therefore, the two-body interactions for these quantum halo
molecules are completely characterized by a single parameter, the atomic s-wave scat-
tering length a.

These molecules show a remarkable stability against inelastic decay in atom-dimer
and dimer-dimer collisions, as they consist of two fermionic atoms [Pet04]. The sup-
pression of these loss mechanisms is based on Pauli blocking. An inelastic collision
requires three particles to be at the same time at very short distances towards each
other. So necessarily two identical fermions are involved, which is blocked by Pauli’s
exclusion principle.
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2 Degenerate quantum gases in the BEC-BCS crossover

The loss-rate coefficients αad and αdd, which describe inelastic atom-dimer and
dimer-dimer collision, respectively, are found to be [Pet04]

αad = cad
~RvdW

m

(RvdW

a

)3.33

, (2.37)

αdd = cdd
~RvdW

m

(RvdW

a

)2.55

, (2.38)

where cad and cdd are dimensionless coefficients depending on short-range physics.
Note that in the vicinity of the Feshbach resonance, where a � RvdW, αad and αdd get
extremely small.

Based on the atomic scattering length a, the elastic atom-dimer and dimer-dimer
scattering lengths involving such molecules can be calculated [Pet04] to be

aad = 1.2 a, (2.39)
add = 0.6 a. (2.40)

Note that the inelastic scattering rate is much smaller than the elastic one [Pet04,
Pet05], which enables high thermalization rates in combination with low losses during
the evaporation process (see also 5.1.2).

2.3.2 BEC regime

One limit of the BEC-BCS crossover is the BEC limit, which is achieved for 1/kFa �
0. In this limit, the gas is described by the Gross-Pitaevskii equation (2.11), where the
weak particle-particle interactions are described by a mean-field term. The BEC can
be considered as consisting of point-like bosons and is superfluid.

On the BEC side of the resonance, dimers of two fermionic 6Li atoms form a
weakly bound molecule. This means that the constituents of the molecule are corre-
lated in local and in momentum space. Far from the resonance, where interactions are
weak, the inner structure of these molecules as bosons composed of two fermions can
be neglected. But the closer one gets to the resonance, the stronger the interactions get
and the fermionic nature of the 6Li atoms also starts effecting the bosonic molecules.
Furthermore, the binding energy of the molecules gets weaker when approaching the
Feshbach resonance and also the size of these quantum halo molecules gets larger.

Interactions become stronger when one is approaching the resonance. At 1/kFa ≈
2, the system starts behaving different than predicted by the mean-field description.
Besides the strong interactions, also the increasingly large size of the molecules and
the onset of fermionic behavior of the constituents of the molecules start to play a
role. These beyond-mean-field effects are examined by precise studies of the radial
compression mode. A theoretical description of this mode can be found in 3.2, the
results of our measurements are presented in chapter 6.
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2.3 BEC-BCS crossover

2.3.3 Unitarity regime
The central position of the Feshbach resonance is reached for 1/kFa = 0. Here, the
scattering length a diverges and the scattering cross section reaches the unitarity limit
given by 4π/k2, where k is the relative wave number of the two scattering atoms (for
details see [Bar05b]). In this unitarity regime in the vicinity of the Feshbach resonance
( −1 < 1/kF < 1), the strong interactions are the dominant influence on the system.

The scattering length a is no longer a relevant length scale in this regime and the
thermodynamic properties of the gas are expected to depend only on the temperature
and the density [Hei01, Ho04b, Car03, Ho04a]. Because the properties of the gas
become independent of the specific details of the interaction, the gas is said to be
universal (see also [Die04] and references therein). In a universal quantum gas the
only relevant length scale is the interparticle spacing given by n−1/3 and the relevant
energy scale is the Fermi energy EF [Hei01, Ho04a].

A simple heuristic description of a universal gas is given in the following [O’H02a,
Geh03]. Two-body interactions give rise to a mean field potential UMF which in a two-
component Fermi gas of equal density n/2 is given by

UMF =
4π~2

m
ae f f

n
2
, (2.41)

where ae f f is the effective scattering length. In the vicinity of a Feshbach resonance,
unitarity limits the effective scattering lengths to be |ae f f | ≈ 1/k [Lan77]. Here, the
wave number k of a single atom can be replaced by the typical wave number kF, so that
we end up with |ae f f | ≈ 1/kF [Geh03]. By employing the relation n ∝ k3

F, the mean
field potential in Eq.(2.41) can then be written in terms of the Fermi energy EF. We
get

UMF = βEF, (2.42)

where β is a universal scaling parameter. The equation of state for a uniform interacting
Fermi gas is then given by [Geh03, Men02]

µ = EF + UMF (2.43)

This reveals that on resonance, where UMF = βEF, the equation of state no longer
depends on the value of the scattering length nor on its sign. Here, the equation of
state becomes proportional to the one of an ideal Fermi gas

µ = (1 + β)
~2

2m
(3π2n)2/3, (2.44)

with the characteristic density dependence of n2/3.
There is also a close connection between an interacting and an ideal Fermi gas in

a harmonic trapping potential with the trap frequencies ωi. At unitarity, the spatial
distribution of a zero temperature, interacting Fermi gas corresponds to the one in
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2 Degenerate quantum gases in the BEC-BCS crossover

the noninteracting case with scaled trap frequencies ω′i = ωi/
√

1 + β [Bar05a]. This
finally leads to the chemical potential µ∗ in a harmonic trapping potential of

µ∗ =
√

1 + βEF. (2.45)

For magnetic fields slightly higher than the center position of the Feshbach res-
onance, the scattering length is large and negative. This is of great interest for the
investigation of the phase transition into a superfluid Fermi gas, because the transition
temperature depends exponentially on the scattering length (see equation 2.32). So an
arbitrarily large a should in principle result in a critical temperature on the order of the
Fermi temperature.

It is possible to derive an effective mean field theory even in the direct vicinity of
a Feshbach resonance, where the resonance occurs due to the coupling to a molecu-
lar state [Tim01, Hol01]. These resonance superfluidity theories explicitly treat the
coupling between the atomic and molecular gases. The theories again replace the di-
luteness criterion (kFa � 1) by the weaker condition that the characteristic range of
the interparticle van der Waals potential RvdW is smaller than the interparticle spacing,
i.e. kFRvdW � 1. A detailed description of the resonance superfluid theories is found in
[Kok02]. The current estimates for the transition temperature into the superfluid state
range from about 0.5 to 0.2 TF [Hol01, Mil02, Chi02, Oha02].

2.3.4 BCS regime
At magnetic fields higher than 834 G, one enters the so called BCS side of the res-
onance. The BCS limit is achieved for temperatures below the critical tempera-
ture Tc (see Eq.(2.32)) and for weak interactions, which means far from resonance
(1/kFa � 0). The pure BCS state in this limit is superfluid due to the existence
of Cooper pairs, which is closely linked with superconductivity [Tin66]. Closer at
resonance, interactions are stronger and for temperatures above Tc, there is a non-
superfluid, strongly interacting Fermi gas. In this strongly interacting Fermi gas, “pre-
formed pairs” exist. For an overview of the different phases see also Fig. 2.2. As
the crossover between BEC- and BCS side of the resonance is smooth, the critical
temperature for the superfluid regime Tc smoothly changes if crossing the resonance.
Therefore, the onset of superfluidity is expected on the BCS side near resonance at
much higher temperatures than in the BCS limit. As in this way a system of superfluid
fermions is experimentally accessible, the BEC-BCS crossover region is very inter-
esting from the point of view of superfluid theory. Also the region of non-superfluid
fermions with pre-formed pairs is expected to provide further insights in the onset of
superfluidity.
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Chapter 3

Theory of collective oscillations

The observation of collective oscillations allows for detailed studies of the macroscopic
properties of quantum gases. In this chapter the essential theoretical background of the
measurements in this thesis is given. There are two main regimes for collective oscil-
lations in the BEC-BCS crossover: the hydrodynamic and the collisionless regime.
Starting with a general treatment of collective modes in the hydrodynamic and colli-
sionless regime in 3.1, the different collective modes are described more detailed in
3.2, 3.3 and 3.4. In 3.5 corrections to fit the results under real experimental condi-
tions to the idealized theoretical calculations are presented. We concentrate on the
experimental important case of the radial modes of a cigar-shaped cloud.

Figure 3.1: Scheme of the different radial collective oscillation modes described in this chap-
ter: Compression mode(upper row), quadrupole surface mode (middle row) and scissors mode
(lower row).
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3 Theory of collective oscillations

A schematic overview of the described collective oscillation modes is given in
Fig. 3.1. The compression mode (upper row) shows a change in volume whereas the
aspect ratio of horizontal and vertical width remains constant. In the quadrupole sur-
face mode (middle row), the volume does not change but the aspect ratio is changing.
The scissors mode (lower row) shows an oscillation of the tilting angle of an elliptic
cloud.

3.1 Collective modes in the hydrodynamic and colli-
sionless regimes

Collective oscillations are dynamic phenomena, which are described by a periodic
motion of the system. One main criterion for the classification of collective modes
in the BEC-BCS crossover are the interaction properties of the system. Depending
on the presence of collective long-range interactions (that should not be mixed up
with particle-particle interactions), one distinguishes between the hydrodynamic and
the collisionless regime. Another property that influences collective oscillations is the
confining potential for the gas cloud.

The following descriptions will deal with the hydrodynamic and the collisionless
regime in a separate way, starting with an unspecified description of the confining
potential. Later, especially the case of a harmonic trapping potential with cylindrical
symmetry, which is most relevant for the experiments presented in this thesis, will be
described.

In order to distinguish the different interaction regimes of collective oscillations in
a gas, it is useful to summarize the main characteristics of the hydrodynamic and the
collisionless regime. For the description of collisions we introduce ω as the frequency
of the collective oscillation and τR as the relaxation time in the gas [Pit03]. In this way
we can characterize the two regimes:

• in the hydrodynamic regime, long-range interactions between all particles of
the system are present and mediated via many-particle effects. This can be the
case for a superfluid system as well as for a normal one. In a non-superfluid
hydrodynamic gas, the long-range interactions are mediated via collisions. So
collisions have to be dominant, which is the case if the product of the relaxation
time τR and the frequency of the collective oscillation is much larger than 1:
ωτR � 1. This regime is realized in a superfluid BEC of molecules, a superfluid
of generalized Cooper pairs as well as in a highly collisional system of bosonic
molecules consisting of fermionic constituents and a strongly interacting Fermi
gas (see chapter 2).

• in the collisionless regime, there are no long-range interactions between the par-
ticles. The system is non-superfluid and, as the name of this regime already
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3.1 Collective modes in the hydrodynamic and collisionless regimes

implies, collisions happen seldom. As a quantitative criterion, the frequency
of the collective oscillation has to be much larger than the inverted relaxation
time: ωτR � 1. A collisionless regime is realized in weakly interacting degen-
erate Fermi gases, where elastic collisions are blocked due to the Pauli exclusion
principle [Fer99, DeM01, Gup04].

To describe the dynamics of a gas, we introduce a velocity field v and a density field n
of the gas.

3.1.1 Hydrodynamic regime

A gas in the hydrodynamic regime is characterized by the dominant role of collective
long-range interactions. In general, the dynamics of a hydrodynamic gas are described
by the following two equations, called equation of continuity (3.1) and classical Euler
equation (3.2) [Str96, Pit03]:

∂n
∂t
+ ∇(vn) = 0. (3.1)

∂v
∂t
= −∇

(
v2

2
+

Vext(r)
m

)
−
∇P
mn
+ v × (∇ × v) . (3.2)

Here m is the mass of one particle of the gas, n is the density, P is the pressure of the
gas at the corresponding density and Vext the confining potential of the gas. The last
term on the right hand side of equation (3.2), v × (∇ × v), describes a rotational flow
and is absent in irrotational systems. We concentrate on a hydrodynamic gas with no
rotational flow as is the case for any superfluid gas. Also for a non-superfluid hydro-
dynamic gas rotational motion can be neglected for the oscillation modes described in
the following. So, for an irrotational hydrodynamic gas, the Euler equation simplifies
to

∂v
∂t
= −∇

(
v2

2
+

Vext(r)
m

)
−
∇P
mn
. (3.3)

For T = 0 the thermodynamic relationship ∇P = n∇µ is valid and equation (3.3)
becomes to

∂v
∂t
= −∇

(
v2

2
+

Vext(r)
m
+
µ(n)
m

)
. (3.4)

Here µ(n) denotes the chemical potential of the gas.

Equation of state

In order to derive the motion of the gas from the coupled differential equations (3.1)
and (3.3), it is necessary to have a closer look at the chemical potential µ(n). The
dependence of the chemical potential µ on the density n is in general called equation
of state. For a weakly interacting BEC, like in our case for a molecular BEC far
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3 Theory of collective oscillations

away from the Feshbach resonance (1/kFa � 1), the equation of state is given by the
Bogoliubov relation [Bog47, Pit03]:

µ(n) = gn. (3.5)

In the unitary limit, in our experiments the region around the Feshbach resonance
(|1/kFa| � 1) , the system is described by the equation of state of an ideal single-
component Fermi gas [Pit03]:

µ(n) =
~2

2m
(3πn)2/3. (3.6)

The description of interacting systems in the whole range of the BEC-BCS crossover
needs a more sophisticated equation of state. A power law approach [Men02] has
turned out to be useful:

µ(n) ∝ nγ. (3.7)

The polytropic index γ depends on the interactions in the system. In the weakly inter-
acting BEC limit for instance, one gets γ = 1 and ends up with the linear relation (3.5).
In the case of an ideal Fermi gas like in equation(3.6), one gets γ = 2/3. There are
different approaches to derive the value of γ over the BEC-BCS crossover, which are
especially interesting for the case of compression modes, see section 3.2 of this thesis
and [Str04, Hei04, Ast04, Hu04, Bul05, Kim04b, Man05, Ast05].

Scaling approach

A scaling ansatz [Kag96, Cas96] is a well-suited approach to simplify dynamic equa-
tions like (3.1) and (3.4). The idea behind this ansatz is to transfer the time dependence
of the dynamics of the gas into a scaling function. With a density dependence of the
chemical potential like in equation(3.7) such a scaling ansatz turns out to be an ef-
fective method to describe the dynamics of the gas. We choose the following scaling
functions:

x̃(t) =
x

bx(t)
,

ỹ(t) =
y

by(t)
, (3.8)

z̃(t) =
z

bz(t)
.

The original spatial coordinates x, y and z are transferred into the time-dependent co-
ordinates x̃(t),ỹ(t) and z̃(t) by the corresponding scaling functions bi(t), with i = x, y, z
respectively. These scaling functions bi(t) only depend on time. One chooses the fol-
lowing starting conditions:

bi(0) = 1,
ḃi(0) = 0. (3.9)

32



3.1 Collective modes in the hydrodynamic and collisionless regimes

So the density n is transformed in the following way:

n(x, y, z, t) =
1

bxbybz
ñ0(x̃, ỹ, z̃), (3.10)

where n0 denotes the density at the time t = 0.
By inserting the equations (3.8),(3.9)and (3.10) into equation (3.1), one gets the

following relation for the velocity field v:

vx(t) =
ḃx

bx
x,

vy(t) =
ḃy

by
y, (3.11)

vz(t) =
ḃz

bz
z.

The insertion of equation (3.11) into equation (3.4) yields:

x̃b̈x(t) = −
1
m

dVext

dx
−

1
mn
∂P
∂x
, (3.12)

and analog equations for y and z respectively.
The next step consists in integrating equation (3.12) over the density in order to get

averaged quantities. Averaged quantities like 〈x̃〉 are defined as follows:

〈x̃〉 =
1
N

∫
x̃n0(x̃, ỹ, z̃)dx̃dỹdz̃, (3.13)

with the normalization to particle number

N =
∫

n0(x̃, ỹ, z̃)dx̃dỹdz̃. (3.14)

Such an integration of equation (3.12) and a multiplication with n/x̃ finally results in
the following equation:

b̈x

bxbybz
〈x̃〉2 +

1
mb2

xbybz

〈
x̃

dVext

dx̃

〉
+

1
mbx

〈
x̃

dP
dx̃

〉
= 0, (3.15)

and analog results for y and z.
Now we use the polytropic equation of state (3.7) and insert it into equation (3.12).

Starting at equilibrium, which means v̇ = 0 at t = 0, this procedure gives
dP
dx̃
= −

n0

(bxbybz)γ+1

∂Vext

∂x̃
. (3.16)

Inserting equation (3.16) into equation (3.15) finally results in:

b̈x(t) =
1

mbx〈x̃2〉

(
1

(bxbybz)γ

〈
x̃

dVext(x̃, ỹ, z̃)
dx̃

〉
−

〈
x̃

dVext(bx x̃, byỹ, bzz̃)
dx̃

〉)
, (3.17)

and analog equations for y and z.
Equation (3.17) is valid for all confining potentials Vext. In the following, we will

leave this general point of view and take a look at more specific potentials.
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Harmonic potentials

The following calculations will be based on a harmonic trapping potential of the form:

Vext =
m
2

(ω2
xx2 + ω2

yy2 + ω2
z z2). (3.18)

ωx, ωy and ωz are the trap frequencies in the spatial directions x,y and z. Such a har-
monic potential is a very good approximation for the potential used in the experiments
described in this thesis. In 3.5.2 a non-harmonic potential which describes the real
potential in the experiment with very high precision will be treated. But also there
the potential is mainly described by harmonic terms with only small additional anhar-
monic terms.

Inserting the potential of equation (3.18) in equation (3.17) gives:

b̈x(t) =
ω2

x0

bx(bxbybz)γ
− bxω

2
x(t),

b̈y(t) =
ω2

y0

by(bxbybz)γ
− byω

2
y(t), (3.19)

b̈z(t) =
ω2

z0

bz(bxbybz)γ
− bzω

2
z (t).

Here ωx0, ωy0 and ωz0 are the trap frequencies for t = 0, when the particles are in a
state of equilibrium with the trapping potential. The time dependent trap frequencies
ωi(t) include changes in the trapping potential or a release from the trap like is the
case in expansion measurements. From (3.19), one is able to calculate the different
solutions for the scaling function b(t). By calculating b(t) one easily can determine the
time-dependent shape of the cloud and the velocity field v by using equation (3.11).

There are three solutions of equation (3.19) which result in collective oscillations
of the compression and quadrupole surface modes [Coz03, Pit03]. These solutions
lead to velocity fields of the form

v ∝ ∇(ax2 + by2 + cz2). (3.20)

One finds the following equation for the frequencies ω corresponding to these solu-
tions:

ω6 − (2 + γ)(ω2
x + ω

2
y + ω

2
z )ω4

+4(γ + 1)(ω2
xω

2
y + ω

2
xω

2
z + ω

2
yω

2
z )ω2 − 4(2 + 3γ)ω2

xω
2
yω

2
z = 0. (3.21)

Scissors mode

In a similar way, the case of a rotating collective oscillation can be described. In this
so-called scissors mode, an elliptic cloud is oscillating around its equilibrium position.
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3.1 Collective modes in the hydrodynamic and collisionless regimes

One tries to find solutions of the irrotational hydrodynamic equations (3.1) and
(3.3) with an ansatz including the coupling of the different axes due to the rotation.
One chooses the ansatz [Pit03]

δn ∝ xy,
δn ∝ xz, (3.22)
δn ∝ yz,

for the density n and

v ∝ ∇(xy),
v ∝ ∇(xz), (3.23)
v ∝ ∇(yz),

for the velocity fields v.
This ansatz leads to three solutions that are the scissors modes [GO99, Pit03]

relative to the three pairs of axes, with the frequencies
√
ω2

x + ω
2
y ,

√
ω2

x + ω
2
z and√

ω2
y + ω

2
z respectively.

Elongated trap

For the experiments presented in this thesis the case of ωx, ωy � ωz is relevant. This
geometry of the trapping potential Vext results in an elongated shape of the trapped
gas cloud and is known as cigar-type geometry. In this case we concentrate on ra-
dial collective modes, i.e. modes along the x and y-axis, and neglect ωz. For radial
oscillations, equation (3.21) simplifies to:

ω4 − (2 + γ)(ω2
x + ω

2
y)ω2 + 4(γ + 1)(ω2

xω
2
y) = 0. (3.24)

In section 3.5 we will use equation (3.24) to calculate the frequency shifts of an elliptic
trapping potential.

For many experimental situations it is legitimate to simplify the trapping potential
Vext even further to the case of an axially symmetric trapping potential with ωx = ωy ≡

ωr. This leads to a confining potential as follows:

Vext =
m
2
ω2

r (x2 + y2), (3.25)

where ωr is the radial trapping frequency.
Equation (3.24)delivers several solutions for radial collective modes [Coz03,

Pit03]. One solution is the radial breathing or compression mode ( see also section
3.2), another solutions is the radial quadrupole surface modes (see section 3.3). The
radial quadrupole mode is characterized by a velocity field of the form

v ∝ ∇(x ± iy)2 (3.26)

35



3 Theory of collective oscillations

with i being the imaginary parameter. The frequency ωq of the corresponding oscilla-
tion is given by

ωq =
√

2ωr. (3.27)

Note that the frequency in equation(3.27) is independent of the equation of state.
The compression mode leads to a velocity field of the form

v ∝ ∇(α(x2 + y2)). (3.28)

This velocity field corresponds to a compression oscillation perpendicular to the z-axis,
whose frequency fulfills the following equation

ω2
c = 2(γ + 1)ω2

r . (3.29)

3.1.2 Collisionless regime
Collective modes in the collisionless regime are characterized by the minor or even
absent influence of collisions. This is the case for ωτR � 1 with ω being a typical
oscillation frequency and τR being the collisional relaxation time [Pit03]. In the ex-
periments presented in this thesis we enter the collisionless regime on the BSC-side of
the Feshbach resonance, i.e. for 1/(kFa) < 0. For 1/(kFa) < −1, which is far away
from the unitarity region around the Feshbach resonance, we can realize the limit of
a collisionless Fermi gas, where the elastic collision rate is strongly reduced by Pauli
blocking (see section 2.2). Closer to the resonance, collisions in the “collisionless”
regime become more important and play a crucial role for thermalization. We call this
regime the near-collisionless regime.

Before describing the collisionless limit and the near-collisionless regime in de-
tail, we start with some general considerations. We consider the classical Boltzmann-
Vlasov kinetic equation which is described by [Hua87, Ped03]

∂ f
∂t
+ v · ∇ f −

1
m
∇Vext ·

∂

∂v
f = Ic( f ), (3.30)

where f = f (t, r, v) is the phase space density, v is the single particle velocity, m the
mass of an atom and Vext is the external trapping potential. To simplify the model, we
ignore mean-field effects.

The collisional information is bound into the term Ic. This term allows the gas to
exchange energy among the different degrees of freedom. For Ic = 0, the system is in
the collisionless limit. In the following, we use the relaxation-time approximation

Ic( f ) =
f − fe

τR
. (3.31)

The term fe is the phase-space distribution after the gas has fully thermalized and τR is
the relaxation time which describes the time scale of collisions. The limit of τR → ∞

is realized in the collisionless limit.
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3.1 Collective modes in the hydrodynamic and collisionless regimes

Non-interacting Fermi gas

In order to describe the dynamics of an collisionless, non-interacting Fermi gas, we
can use a scaling ansatz like in the hydrodynamic case, see section 3.1.1. The same
scaling functions as in equations (3.8), (3.9) and (3.10) are used. With this scaling
ansatz and the condition Ic = 0 for the collisionless limit, we find solutions for the
differential equation (3.30). This finally leads to

b̈x(t) =
1

mbx〈x̃2〉

(
1
b2

x

〈
x̃

dVext(x̃, ỹ, z̃)
dx̃

〉
−

〈
x̃

dVext(bx x̃, byỹ, bzz̃)
dx̃

〉)
, (3.32)

and analog equations for y and z.
By assuming a harmonic trapping potential Vext like in equation (3.18) and using

∂v/∂t = −∇(Vext/m) one gets [Bru00]

b̈x(t) =
ω2

x0

b3
x
− bxω

2
x(t),

b̈y(t) =
ω2

y0

b3
y
− byω

2
y(t), (3.33)

b̈z(t) =
ω2

z0

b3
z
− bzω

2
z (t).

A linearization of equation (3.33) with the substitution b(t) = 1 + ε(t) for ε � 1 yields

ε̈x(t) = −4ω2
xεx, (3.34)

and analog equations for y and z.
From equation (3.34) the frequency of all oscillations along one direction are easily

derived to be:
ω = 2ωi, (3.35)

with i being x, y or z.

Near-collisionless Fermi gas

In the near-collisionless regime, which we realize in a strongly interacting Fermi gas
close to the Feshbach resonance, collisions are strong enough to provide thermaliza-
tion. During a collective oscillation in the trap as well as during expansion after re-
lease from the trapping potential thermalization effects can influence the gas. In order
to model these effects, we follow a theory based on a classical gas in the crossover
between the hydrodynamic and the collisionless regime described in [Ped03]. An ap-
plication of this theory for the compression mode in the hydrodynamic regime has
been done in [J.K05]. Here we will adapt the theory to handle thermalization effects
in the collisionless regime.
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3 Theory of collective oscillations

In order to solve the differential equation (3.30) for a harmonic trapping potential
Vext like in equation (3.18), the following scaling ansatz is made,

f (t, r, v) =
1

Πibi
√
ϑi

f0(r̃, ṽ), (3.36)

where bi is a scaling function like described in 3.1.1, ϑi is a scaling parameter directly
related to the temperature, r̃i = ri/bi, and ṽi =

1
√
ϑi

(vi − ḃiRi). f0 is assumed to be the
phase space distribution when Ic = 0.

The result of plugging equation (3.36) and (3.31) into (3.30) and then determining
〈r̃iṽi〉 and 〈ṽ2

i 〉 is true for the following coupled differential equations

b̈i(t) = ω2
0i
ϑi

bi
− ω2

i bi(t) (3.37)

and

ϑ̇i(t) =
1
τR

(ϑi − ϑ̄) − 2
ḃi

bi
ϑi(t), (3.38)

where ϑ̄ = 1
3Σkϑk.

The collisionless limit with no collisions happening at all is realized when τR →

∞. In this case, the differential equations of Eq.(3.37) simplify to the simple form
presented in Eq.(3.33). For solving equations (3.37) and (3.38) we must also include
the initial condition for ϑ j. As long as the gas is in equilibrium at the moment of the
excitation t = 0, we set ϑi(0) = 1.

In a similar way, the equation of motion for a scissors mode can be described (for
the hydrodynamic regime compare section 3.1.1). For small rotational angles θ one
gets [GO99](

d4θ

dt4 + 2(ω2
x + ω

2
y)

d2θ

dt2 + (ω2
x − ω

2
y)2θ

)
+

1
τR

(
d3θ

dt3 + (ω2
x + ω

2
y)

dθ
dt

)
= 0, (3.39)

with the initial conditions θ(0) = θ0, θ̈ = −(ω2
x + ω

2
y)θ0 and θ̇(0) =

...
θ (0) = 0.

3.2 Compression mode
Among the most important radial collective oscillation modes in the BEC-BCS
crossover regime are the modes with compression character, also known as breath-
ing modes. Compared to the quadrupole surface mode and the scissors mode, which
are described later in section 3.3 and 3.4 respectively, such a compression mode is
strongly influenced by the equation of state of the system. Therefore a detailed treat-
ment of this mode together with precision measurements, as described later in chapter
6, provides new insights in the physics of an ultracold quantum gas in the BEC-BCS
crossover. Especially in a strongly interacting molecular BEC, which is realized in the
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regime where 1/(kFa) . 4, effects which go beyond the usual mean-field description
of a BEC are expected. This section will present the two different theoretical models
describing this regime: a mean-field BCS model and a quantum Monte Carlo model.

In the following, we consider a cigar-shaped trap geometry with trapping fre-
quencies ωx, ωy and ωz, with ωz � ωx, ωy. For the axial symmetric case we call
ωr = ωx = ωy the radial trap frequency, whereas ωz is called axial trap frequency.
The radial compression mode consists of coupled oscillations along the x- and y-axis
respectively, which are in phase. So the gas cloud describes a periodic radial motion
with shrinking and expanding radial width. Fig.3.2 gives a schematic impression of
the radial compression mode.

Figure 3.2: Radial compression mode of an elongated cloud. The cloud is tightly confined in
the radial x- and y-directions and weakly confined in the axial z-direction. A periodic com-
pression and decompression of the cloud along the radial directions takes place.

The frequency of this oscillation depends on the interaction regime of the gas and
can be directly calculated for certain special cases. In the non-interacting limit of an
collisionless gas, the frequency ωc of the radial compression mode is described by
(compare equation (3.35)):

ωc = 2ωr. (3.40)

For a hydrodynamic gas, ωc depends on the equation of state of the system and in this
way on the polytropic index γ in the equation of state (3.7). From equation (3.29) one
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gets
ωc = 2ωr (3.41)

for a gas in the weakly interacting BEC limit with γ = 1. Similarly equation (3.29)
yields for a quantum gas in the unitarity limit with γ = 2

3 :

ωc =

√
10
3
ωr. (3.42)

Between these fixed values, ωc also can be described, but it is not always possible to
directly give the value of ωc.

In the regime of a collisionless Fermi gas with weak interactions, ωc can be calcu-

lated numerically from equations (3.37) and (3.38), and lies between 2 and
√

10
3 .

The regime of a strongly interacting BEC depends on the value of the polytropic
index γ, which is difficult to calculate all over this regime. In the following, we will
deal with this case in a more detailed way.

The strongly interacting BEC regime is located closer to the resonance than the
weakly interacting BEC regime. There has already been some experimental [Jin96,
Jin97, Mew96, SK98b, Che02] and theoretical exploration [Str96, Edw96, Dal97a,
Dal97b, Dal99b] of the weakly interacting BEC regime. In order to include many
body physics, interactions in such a weakly interacting BEC are described by a mean-
field approach [Gro61, Pit61, Pet02, Pit03]. This mean-field approach is expected to be
no longer valid in a strongly interacting BEC and the occurrence of beyond-mean-field
effects is predicted [Pit98, Ast04]. Furthermore the fermionic nature of the constituents
of the molecules in the BEC plays an increasing role when approaching the resonance.
All these effects affect the equation of state, which is influencing the frequency of
the compression mode. There is a competition between these two effects of strong
interactions in a Bose gas and onset of fermionic behavior. In a strongly interacting
Bose gas the average energy per particle is increased by quantum depletion. These
beyond-mean-field effects lead in lowest order to a term which has been first predicted
by Lee, Huang and Yang [Hua57, Lee57b]. So the equation of state is corrected in a
way that reduces the compressibility of the gas. The emerging of fermionic behavior
however leads to an increase in the compressibility of the gas.

The effects of the polytropic index γ from the equation of state (3.7) on the fre-
quency of the compression mode can be directly seen in equation (3.29). In the case of
an axially symmetric trapping potential where the axial confinement is neglected, one
gets:

ωc =
√

2(γ + 1)ωr. (3.43)

There are two theoretical models describing the index γ in the strongly interacting
BEC regime:

• a mean-field BCS theory

• a quantum Monte Carlo theory.
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The mean-field BCS theory is more simplified than the quantum Monte Carlo theory,
so that one would expect the more sophisticated theory to deliver more precise results.
But the frequencyωc predicted by these two models for different interaction parameters
1/(kFa) differ maximally by a few percent in the strongly interacting BEC regime,
so that high precision measurements are necessary to compare experimental results
with the theoretical predictions (see chapter 6). This includes small corrections to the
predictions for idealized trap geometries which are necessary for the real experimental
set-up. These corrections are presented in section 3.5 of this chapter.

Mean-field BCS theory

This theoretical model stems from standard BCS theory [Bar57a, Bar57b, Eag69,
Leg80, Noz85, Eng97] which connects the two known limits of a strong-coupling BEC
of molecules consisting of two fermionic atoms and a weak-coupling superfluid BCS-
state consisting of Cooper-pairs of these fermionic atoms. Starting from the BCS-limit,
the connection to the BEC-limit is done by introducing a mean-field term. This mean-
field includes the interaction and in this way describes the chemical potential µ as a
function of the density n of the ultracold gas [Str04, Hei04, Hu04, Com04b, Com04a,
Kim04b, Kim04a, Pie04, Man05, Bul05, Pie05]. Note that this theoretical approach
is based on a temperature T = 0. Mean-field BCS theory provides relatively simple
models for the equation of state in the whole BEC-BCS crossover regime, which are
analytically solvable.

Beyond-mean-field effects are not included in this model, so that in precision ex-
periments slightly higher frequencies should be detected. Another disadvantage of this
approach is connected with the value of the molecular scattering length aM in terms
of the atomic scattering length aA. The mean-field BCS model leads to a value of
aM = 2aA, whereas a value of aM = 0.6aA is considered to be true by both theory
[Pet04, Pet05] and experiment [Bar04b, Bou04].

Furthermore, the mean-field BCS model also leads to a wrong value for the uni-
versal parameter β in the unitarity regime (for further details on β see 2.3.3 and
[Hei01, O’H02a, Geh03, Bar05a]). Mean-field BCS theory yields β = −0.41 [Ast05],
whereas experiments support smaller values [Bou04, Kin05a], e.g. β = −0.73+0.12

−0.09
[Bar05a].

Data calculated by using this model are shown in figure 3.3 as the dashed lines.

Quantum Monte Carlo theory

The quantum Monte Carlo approach uses numerical methods to calculate the equation
of state in the BEC-BCS crossover [Car03, Ast04, Ast05]. Like the mean-field BCS
theory also this model is based on a zero temperature assumption. A scaling ansatz
is used to calculate the equation of state of the system in the crossover region. This
ansatz is not limited to a polytropic model for the equation of state, like in 3.7, and so
can take into account even corrections to the polytropic model.

41



3 Theory of collective oscillations

7 6 5 4 3 2 1 0 - 1
1 . 7 5

1 . 8 0

1 . 8 5

1 . 9 0

1 . 9 5

2 . 0 0

2 . 0 5

 1 / k F a

 Q M C  M a n i n i
 Q M C  A s t r a k h a r c h i k
 M F  H u
 M F  A s t r a k h a r c h i k

 

 
ω

c/ω r

Figure 3.3: Normalized compression mode frequency ωc/ωr versus interaction parameter
1/kFa in the strongly interacting BEC regime. The dashed curves are based on mean-field
BCS models by Hu et al. [Hu04] and Astrakharchik et al. [Ast05], the solid curves on quantum
Monte-Carlo models from Manini et al. [Man05] and Astrakharchik et al. [Ast05]. The hori-
zontal dashed lines indicate the values for the BEC limit (ωc/ωr = 2) and the unitarity limit
(ωc/ωr =

√
10/3 = 1.826).

Furthermore the quantum Monte Carlo model results in a molecular scattering
length aM = 0.6aA, where aA is the atomic scattering length. This value of the molecu-
lar scattering length is consistent with both theoretical [Pet04, Pet05] and experimental
[Bar04b, Bou04] results.

Also the prediction of the universal parameter β = −0.56 of the quantum Monte
Carlo model [Ast05] agrees much better with experimental results , e.g. β = −0.73+0.12

−0.09
[Bar05a] (see also [Bou04, Kin05a]), than the predictions of mean-field BCS models.

Altogether the quantum Monte Carlo model is a more sophisticated approach than
the mean-field BCS theory. The solid lines in figure 3.3 show data corresponding to
quantum Monte-Carlo models.
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3.3 Quadrupole surface mode
In order to study the BEC-BCS crossover the quadrupole surface mode is a suited tool.
This collective oscillation mode is characterized by an non-compressing periodic mo-
tion of the gas, which makes the surface mode independent of the equation of state of
the gas. This is a significant difference compared with the compression mode presented
in section 3.2. The frequency of the surface mode strongly depends on the collisional
regime of the gas. Therefore the frequency of the surface mode ωq is different in the
hydrodynamic and in the collisionless regime. As we will see in section 7.2, the phase
of the oscillation after expansion provides also information of the collisional regime.

For comparison with experimental results, especially the case of an axially sym-
metric, cigar-shaped harmonic trapping potential is relevant. For trap frequencies ωx,
ωy and ωz along the x-,y- and z-axis this results in the conditions ωx, ωy � ωz and
ωx = ωy ≡ ωr with ωr being the radial trap frequency.

A schematic impression of the radial quadrupole mode is given in Fig. 3.4.

Figure 3.4: Radial quadrupole mode of an elongated cloud. The cloud is tightly confined in
the radial x- and y-directions and weakly confined in the axial z-direction. The surface of this
mode is oscillating and no compression takes place.

The radial quadrupole surface mode consists of oscillations of the width of the gas
cloud along x- and y-direction, which are shifted by a phase of π compared to each
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other. So maximal width in x-direction comes along with minimal width in y-direction
and vice versa. For a harmonic trapping potential the frequency of the quadrupole
surface mode in the hydrodynamic regime, according to equation (3.27), is

ωq =
√

2ωr. (3.44)

In the collisionless regime, where collisions are strongly suppressed, the atoms freely
oscillate in the trap. Unlike the hydrodynamic limit, the motions in the radial degrees
of freedom are independent from each other. When a cloud in the collisionless regime
is excited with a phase difference of π between the oscillations, the motion of the
cloud also can be described by a quadrupole surface mode frequency and one gets
from equation (3.35)

ωq = 2ωr. (3.45)

Other properties of the quadrupole surface mode are connected with expansion dynam-
ics of the cloud. A treatment of the expansion dynamics will be given in section 7.2.
Especially phase and amplitude of the surface mode after expansion will be treated
there.

3.4 Scissors mode
Similar to the quadrupole surface mode described in section 3.3, also the scissors mode
is a collective surface mode. So also for the scissors mode the compressibility of the
gas and in this way the equation of state of the gas has no effect on the properties of
the oscillation[GO99]. For the excitation of the scissors mode an anisotropic trap ge-
ometry is necessary. In our experimental setup a cigar-shaped harmonic trap geometry
with trap frequencies ωx, ωy and ωz and the condition ωz � ωx, ωy is used. In addition
an ellipticity between the trapping potential in x- and y-direction is necessary. This is
the main difference to the trap geometry for compression and surface modes, which is
almost symmetric to the z-axis. In such an elliptic trap geometry the scissors mode is
described by a periodic rotational movement with the z-axis being the rotational axis
(see Fig. 3.1). This motion which reminds of the motion of scissors gave name to this
collective mode and goes back to a similar mode in nuclear physics, where it corre-
sponds to the out-of-phase rotation of the neutron and proton clouds [Iud78, Lip83].

As for the quadrupole surface mode, also the frequency of the scissors mode de-
pends on the interactions of the gas. For small rotational angles θ, the following differ-
ential equation can be derived from the equations of motion [GO99] (see also 3.1.2)(

d4θ

dt4 + 2(ω2
x + ω

2
y)

d2θ

dt2 + (ω2
x − ω

2
y)2θ

)
+

1
τR

(
d3θ

dt3 + (ω2
x + ω

2
y)

dθ
dt

)
= 0, (3.46)

where τR is the relaxation collision time given by τR = 5/(4Γcoll) and Γcoll is the colli-
sional rate . In the hydrodynamic regime τR gets small and the second term of equation
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(3.46) becomes dominant. Then the frequency of the scissors mode ωscis is given by

ωscis =

√
ω2

x + ω
2
y . (3.47)

Note that this is consistent with the general approach in section 3.1 and equation (3.23).
In the collisionless regime, τ gets large and the first term in equation (3.46) be-

comes important. In this case the scissors mode consists of a superposition of two
frequencies ωscis+ and ωscis−:

ωscis+ = |ωx + ωy|,

ωscis− = |ωx − ωy|. (3.48)

3.5 Corrections for real trap geometries
The theoretical calculations in sections 3.1, 3.2 and 3.3 are done for idealized con-
ditions. In this section some corrections to these idealized collective frequencies are
introduced to match real experimental conditions. These corrections are small, on the
sub-percent-level for the experiments described in this thesis. But especially for the
compression mode in the strongly interacting BEC regime they have to be taken into
account, as the highest possible precision is needed to distinguish between the different
theoretical predictions from 3.2 and 3.2, which differ only by a few percent themselves.

There are several parameters which are responsible for corrections:

• Ellipticity: For compression and surface modes we assume a axially symmetric
trap geometry. In real experiments there is a remaining asymmetry which leads
to an elliptic trap geometry.

• Anharmonicity: The trapping potential is not perfectly harmonic, because it is
created by a Gaussian intensity profile of the confining light field. Furthermore,
the trapped cloud is not point-like but has got a spatial extension.

3.5.1 Ellipticity corrections

In the theoretical approach in section 3.1 we concentrated on a axially symmetric trap
geometry with ωx = ωy. In the experimental set-up however, there is a small ellipticity
ε which leads to slightly different trap frequencies. ε is defined by

ε = (ωy − ωx)/ω⊥, (3.49)

where ω⊥ is the mean radial trap frequency given by

ω⊥ =
√
ωxωy. (3.50)
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So the trap frequencies ωx and ωy can be written as

ωx = ωy − εω⊥,

ωy = ωx + εω⊥. (3.51)

This ellipticity of the trap frequencies causes small corrections of the compression
mode frequency, which is especially important to know in the strongly interacting
BEC regime.

Compression mode

For the compression mode in the hydrodynamic limit and a trap geometry with ωz �

ω⊥, where ωz can be neglected, one gets from equation (3.24)

ω2
c = (1 +

γ

2
)(ω2

x + ω
2
y) +

1
2

√
(2 + γ)2(ω2

x + ω
2
y)2 − 16(1 + γ)ω2

xω
2
y . (3.52)

Simple transformations of equation (3.52) and use of the definitions (3.49) and (3.50)
yield

ω2
c = ω

2
⊥

(
(1 +

γ

2
)(ε2 + 2) +

1
2

√
(2 + γ)2(ε2 + 2)2 − 16(1 + γ)

)
. (3.53)

For small ε the term under the square-root in equation (3.53) can be simplified by using
a Taylor expansion:√

(2 + γ)2(ε2 + 2)2 − 16(1 + γ) = 2γ + ε2
(2 + γ)2

γ
+ O(ε4). (3.54)

Inserting equation (3.54) into equation (3.53) and a Taylor expansion for the compres-
sion mode frequency finally yield

ωc = ω⊥
√

2 + 2γ
(
1 + ε2

γ + 2
4γ

)
. (3.55)

Quadrupole surface mode

For the quadrupole surface mode, the corrections are calculated very similar to the
above calculation for the compression mode. We start instead of (3.52) with

ω2
q = (1 +

γ

2
)(ω2

x + ω
2
y) −

1
2

√
(2 + γ)2(ω2

x + ω
2
y)2 − 16(1 + γ)ω2

xω
2
y , (3.56)

where the only difference lies in the different sign in front of the squareroot.
Analogous to the derivation of equation (3.55), after some simplifications one ends

with
ω2

q = ω
2
⊥(2 − ε2

(γ + 2)
γ

). (3.57)
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A final Taylor expansion gives the result

ωq = ω⊥
√

2
(
1 − ε2

γ + 2
4γ

)
. (3.58)

Note that for the quadrupole surface mode, the relative correction due to ellipticity is
exactly the same except the opposite sign as for the compression mode.

3.5.2 Anharmonicity corrections

In order to describe the confining potential Vext for our gas cloud, a harmonic potential
like in equation (3.18) serves as a god first approximation. For more detailed studies,
we have to take into account a more precise description of the trapping potential. As
later described in chapter 4, in the described experimental set-up a focused laser beam
creates the trapping potential for the particles of the gas cloud. So the shape of the po-
tential is linked directly with the intensity profile of the laser. For a Gaussian intensity
profile of the laser one gets the following trapping potential:

Vext(r) = −V0 exp
−mω2

xx2

2V0
−

mω2
yy2

2V0

, (3.59)

where a confinement along the z-axis is neglected. The maximal trapping potential V0

is defined by:

V0 = mω2
r

w2
0

4
, (3.60)

with w0 being the waist of the laser beam (see also 4.2.3) and ωr =
√
ωxωy being the

mean radial trap frequency.
Equation (3.59) can be expanded to orders of x4:

Vext(x, y) = −V0 +
m
2

(ω2
xx2 + ω2

yy2) −
1
8

m2

V0
(ω4

xx4 + 2ω2
xω

2
y x2y2 + ω4

yy4). (3.61)

Note that equation (3.61) differs from a harmonic potential only by the last two terms
proportional to y2 and y4 respectively. For an cylindrically symmetric potential, equa-
tion (3.61) simplifies to:

Vext(r) = −V0 +
1
2

mω2
r r2 −

1
8V0

m2ω4
r r4. (3.62)

In the following calculations the anharmonic parts of the trapping potential as well as
the spatial expansion of the cloud are taken into account, which leads to corrections to
the calculations for a point-like cloud in a harmonic potential.
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Sloshing mode

The frequencies of collective oscillations in an axially symmetric trapping potential
always depend on the mean radial trap frequency ωr. In order to determine ωr ex-
perimentally, it is very useful to measure the radial dipole mode frequency ω⊥ of the
center-of-mass motion of the gas cloud in the trapping potential (see 5.2.1 in chap-
ter 5). In a harmonic trapping potential, ωr = ω⊥. But for an anharmonic trapping
potential, corrections have to be taken into account. Using the definition

ω2
⊥ =

1
m

〈
∂2

∂r2 (Vext)
〉
, (3.63)

and inserting the potential from equation (3.62) yields:

ω⊥ = ωr

(
1 −

1
2

mω2
r 〈r

2〉

V0

)
. (3.64)

Compression mode

As a precise knowledge of the frequency of the compression mode ωc is needed to
evaluate experimental results , especially in the strong interacting BEC regime, it is
crucial to take anharmonicity corrections into account. We will first calculate these
corrections in the hydrodynamic interaction regime and later get the corrections for
the noninteracting Fermi gas in a similar way.

For the hydrodynamic interaction regime, the potential of equation (3.61) has to
be inserted into the differential equation for the corresponding scaling function (3.17).
As the potential (3.61) can be considered to be time-independent during the whole
oscillation, one gets:

b̈x = ω
2
x

 1

bγ+1
x bγy

(
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m
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x
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) , (3.65)

and an analog result for y.
With the relations 〈x̃2ỹ2 + x̃4〉 = 4

3〈x̃
4〉 and 〈x̃4〉 = 3 (2+5γ)

(2+7γ)〈x̃
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like density profiles n = n0
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, equation (3.65) becomes to
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) . (3.66)

For the compression mode, we choose the approach

bx = by = 1 + δ, (3.67)

and get from equation (3.66) after linearization:

δ̈ = −δ

(
ω2

x(2γ + 2)
(
1 −

m
V0
ω2

x〈x̃
2〉2

(2 + 5γ)(2 + γ)
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))
. (3.68)
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For a cylindrically symmetric geometry, by using the relation 2ω2
x〈x̃

2〉 = ω2
r 〈r

2〉 equa-
tion (3.68) can be simplified to
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. (3.69)

From equation (3.68) and expansion to a Taylor series, the frequency ωc of the com-
pression mode can be determined to be:

ωc = ωr
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. (3.70)

The general form of equation (3.70) includes the two limits of a weakly interacting
BEC and of a universal quantum gas.

For the weakly interacting BEC limit(γ = 1),one gets:

ωc = 2ωr
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7
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)
, (3.71)

whereas the frequency in the universal limit (γ = 2
3 ) is determined by:
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. (3.72)

In order to calculate the compression mode frequencies in the non-interacting
Fermi gas regime quite a similar approach like the one above for the hydrodynamic
regime is used. By inserting the anharmonic potential from equation (3.61) into equa-
tion (3.32), one gets similar to equation (3.65):
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and an analog result for y.
As the non-interacting Fermi gas has got the density profile of an ideal gas (like a

hydrodynamic gas in the unitarity limit), the relations 〈x̃2ỹ2 + x̃4〉 = 4
3〈x̃

4〉 and 〈x̃4〉 =
12
5 〈x̃

2〉2 are valid. Using these results together with a scaling ansatz like above results
in a frequency of the compression mode of:

ωc = 2ωr
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ω2

r 〈r
2〉

)
. (3.74)

Quadrupole surface mode

There are also corrections on the frequency of the quadrupole surface mode ωq due to
anharmonicity effects of the confining potential.

49



3 Theory of collective oscillations

In the hydrodynamic interaction regime one gets equation (3.66) exactly as in the
case of the compression mode described above. In contrast to the compression mode
the following ansatz for the scaling function b is used for characterizing the quadrupole
surface mode:

bx = 1 + δ,
by = 1 − δ. (3.75)

Using the ansatz in equation (3.75) in equation (3.66) results in

δ̈ = −δ 2ω2
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which finally leads to the collective frequency:
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For the two limits of a weakly interacting BEC (γ = 1) and a universal quantum gas
(γ = 2

3 ), equation (3.77) leads to
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in the BEC limit and
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in the universal regime.
In the non-interacting Fermi gas regime, for each axis exactly the same formal-

ism as applied above for the compression mode can be used. So the frequencies of
quadrupole and compression modes of a non-interacting Fermi gas are equal, the only
difference lies in the phase difference of π occurring in the surface mode. Therefore the
quadrupole surface mode frequency of a non-interacting Fermi gas in an anharmonic
trapping potential is calculated to be

ωq = 2ωr

(
1 −

3
5

m
V0
ω2

r 〈r
2〉

)
. (3.80)
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Chapter 4

Experimental setup

The first step in all our experiments is the cooling and trapping of ultracold fermionic
atoms. Together with the tuning of the scattering properties of our atoms via a magnetic
Feshbach resonance, these are the basic features of our experimental setup, which are
described in this chapter. Main parts of the experiment have already been described
in previous diploma [Joc00, Els00, Mor01, Hen03, Rie04, Koh07] and PhD theses
[Joc04, Bar05a]. Thus this chapter will only give a short overview of the experimental
setup and focus on recent changes and improvements of the apparatus.

The following section 4.1 gives a short overview of our vacuum system and our
Zeeman slower for a beam of 6Li atoms. Next, in section 4.2, the details of magneto-
optical and optical traps used during experiments are uncovered. In particular our most
recent improvement, the new scanning system for the dimple laser that enables us to
write arbitrary potentials, is a central part of this section. Then, in section 4.3, the
coils designed to create magnetic fields in order to make use of the magnetic Feshbach
resonance are described. Finally we examine the detection of particles in section 4.4.

4.1 Vacuum system and atomic beam

Successful experiments with ultracold gases require lifetimes of the particles that are
as long as possible. As collisions limit the lifetime of a gas in the apparatus, a vacuum
system is a necessary device for conducting experiments with ultracold atoms.

The vacuum chamber we use in all our experiments is shown in figure 4.1. It
consists of an oven chamber operating at a moderate pressure of about 10−8 mbar and
an ultra-high vacuum chamber with a pressure of below 10−10 mbar. A 45 cm long
slower tube, which works as a differential pumping tube, connects both chambers. The
vacuum in the UHV cell and in the oven chamber is maintained by ion getter pumps.
In addition, there is a titanium sublimation pump; however, we have not needed to use
this within the last four years.

The oven consists of a small hollow copper cube (32 × 22 × 22 mm3) that is filled
with about 0.2 g of 6Li enriched to 95%. A gas of 6Li atoms escapes from a 1 mm hole
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Figure 4.1: Overview of the vacuum chamber with pumps, 6Li oven and Zeeman slower.
All our experiments are performed inside the glass cell which is surrounded by the MOT and
Feshbach coils.

on the front side of the copper cube. In all our experiments, we operate the oven at a
temperature of 340◦ C.

The central part of our UHV chamber consists of a glass cell with the outer dimen-
sions 4 × 4 × 12 cm3. It consists of 4 mm thick, high purity, uncoated fused silica.

In Figure 4.1 also the 45 cm long Zeeman slower tube is shown. It is used to decel-
erate the atomic beam and reduce the width of its velocity distribution. The Zeeman
slower is set up as a decreasing field Zeeman slower with a designed maximum cap-
ture velocity of 600 m/s. The necessary magnetic field is produced by 14 individual
magnetic field coils with a maximum field of 560 G. The design of the coils ensures
that the corresponding magnetic field smoothly matches with the quadrupole field of
the MOT [Joc00]. The laser light for the slowing beam enters the chamber through a
viewport on the other side of the glass cell.
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4.2 Trapping techniques
Trapping an ultracold gas is an essential precondition for many experiments. Only a
trap enables us to manipulate and study the particles of the gas. Therefore it is not
surprising that the ultracold atom physics community developed a variety of different
traps for atoms [Ket99, Gri00]. During an experimental cycle, we use several different
trapping techniques. First we describe a we use a Magneto-optical trap (MOT) in
4.2.1. We use the MOT for capturing and trapping atoms directly from the atomic
beam. In the next experimental step, the atoms are transferred from the MOT into a
purely optical resonator trap. This is done in order to cool and increase the density of
the ensemble, as will be described in 4.2.2. The final experimental step is done in a
single focused beam dimple trap. This purely optical trap configuration is described
in further detail, including in particular the scanning system for the trapping laser, in
4.2.3.

4.2.1 Magneto-optical trap
The first step in all our experiments is to load atoms in the magneto-optical trap (MOT)
[Raa87, Phi98]. We can trap a large number of still relatively hot atoms in the MOT.
Our MOT is loaded from the Zeeman slowed atoms. The whole laser system for trap-
ping and cooling the atoms in the MOT is based on diode lasers. The main features of
the laser system are described in the following, whereas further details can be found in
[Joc00, Rie04, Joc04].

For laser cooling of the 6Li atoms, we use the D2 line at a transition wavelength
of about 671 nm, that connects the 2S 1/2 ground state and the 2P3/2 excited state. We
operate the MOT with two different laser frequencies. The first drives the cooling
transition from the F = 3/2 ground state. The second is used to repump from the
F = 1/2 ground state. In addition, for the Zeeman slower another laser frequency,
which is red detuned with respect to the cooling light, is used.

We use a system of master lasers and injection seeded slave lasers to create the
frequencies needed for cooler, repumper and Zeeman slower. The frequency reference
for the master laser is provided by saturation spectroscopy of 7Li vapor produced in a
heat pipe (see [Joc04] for details) that is operated at about 300◦ C. A grating stabilized
diode laser is used as master laser and is locked by frequency modulation to the 7Li
D1 line [Joc00]. This line possesses a blue detuning of +698 MHz and +469 MHz
with respect to the D2 lines that are used for the cooling and repumping transitions,
respectively.

A frequency offset locking technique [Sch99] is used to lock another laser with
an offset frequency of −870 MHz to the master laser. This locking technique enables
us to shift the laser frequency over a wide range of about ±100 MHz. An individual
adjustment of the frequency for the cooling and repumping transition is achieved by
splitting the laser beam into two beams and individually shift the frequencies by an
acousto-optic modulator (AOM). Finally, both cooling and repumping frequencies are
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amplified by injection locked slave laser diodes that each provide an output power of
about 20 mW.

The light for the Zeeman slower laser is obtained from the cooling transition light.
Using an AOM we shift the frequency of this light by 65 MHz to the red and seed an
injection locked slave laser. Experimentally it turned out that the loading rate of the
MOT was optimized when the laser diode of this slave laser was modulated at about
40 MHz [Joc04]. The optimum value leads to loading rates of about 7 × 106 atoms/s
when the trapping lasers are tuned about 4-5 natural linewidths (a natural linewidth is
5.9 MHz for 6Li [Gri00]) to the red of the resonance.

4.2.2 Resonator trap
After loading atoms into the MOT, the next experimental step is to transfer them into
a purely optical trap. We use a resonator trap, which provides much deeper trapping
potentials than the MOT. Before describing details of the resonator trap, some general
properties of optical dipole traps for neutral cold particles are presented.

Optical dipole traps offer great possibilities to trap atoms as well as molecules
independent of their internal state [Gri00]. Based on the induced dipole moment of the
atomic or molecular oscillator in the electro-magnetic light field of a far-detuned laser,
particles are trapped in a potential which is dependent on the intensity of the light field.
Depending on the phase between the oscillation of the induced dipole and the incident
light beam, the atoms experience a force towards the intensity minimum (out-of-phase
oscillation) or intensity maximum (in phase oscillation). The corresponding dipole
potential Vdip is given by [Gri00]

Vdip(r) = −
3πc2

2ω3
0

(
Γ

ω0 − ω
+

Γ

ω0 + ω

)
I(r), (4.1)

and is negative (positive), if the light frequency ω is red (blue) detuned with respect to
the atomic resonance frequency ω0. Here, Γ is the natural linewidth of the transition
(with Γ = 2π × 5.9MHz for 6Li) and I(r) describes the position-dependent light inten-
sity. The condition of the laser being far-detuned keeps the induced photon-scattering
rate of the trapped particles low and thus prevents heating.

In order to characterize such an optical trapping potential, one assumes that the
potential is harmonic and defines the trap frequency ωtrap by

ωtrap/2π =
1

w0π

√
Vdip

m
, (4.2)

where m is the mass of the particle and w0 is the minimal waist of the laser beam.
The resonator trap consists of a optical dipole trap created by a laser beam in an

optical resonator. The resonator setup results in an optical standing wave, whose max-
ima possess an enhanced intensity compared to the one of the single laser alone. In
this way, the transfer of atoms from the MOT into the resonator trap is highly efficient
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due to two effects. First, the intensity in each potential well is high enough to make the
trap depth larger than the kinetic energy of the atoms loaded from the MOT. Second,
the existence of many intensity maxima leads to a reasonable spatial overlap between
the positions of atoms in the MOT and atoms captured by the resonator trap.

The resonator setup enhances the intensity of the light from initially ∼1 W at a
wavelength of 1064 nm by a factor of ∼ 150. This laser light is obtained from an ultra-
stable diode pumped Nd:YAG laser that emits 2 W (Mephisto 2000 by Innolight). The
resonator geometry is a near confocal geometry with a distance between the two mir-
rors of 15.3 cm and a mirror curvature of 15 cm. The resulting waist w0 is about 160 µm
and the Rayleigh range stretches out to about 75 mm from the center of the resonator.
Both resonator mirrors are outside the vacuum chamber. To minimize the optical losses
at the glass cell, the symmetry axis of the resonator is aligned in Brewster’s angle. A
Hänsch Couillaud lock is employed to stabilize the resonator [Hän80]. To control and
stabilize the intensity of the light in the resonator we monitor the transmitted light with
a photodiode. The measured signal is used in a closed loop feedback system to stabi-
lize the intensity using an acousto-optic modulator [Joc04]. The standing wave creates
potentials with a maximum potential depth of about 1 mK. The separation between
the individual potential wells is fixed by the wavelength of the laser and amounts to
532 nm. From the MOT we load approximately 1500 individual wells with typically
about 8 × 106 atoms.

4.2.3 Dimple trap
The final trap configuration, in which all measurements described later take place,
consists of an optical dipole trap created by a single focused laser beam. This trap setup
provides great flexibility in trap depth and trap geometry, which we use for evaporation
and more advanced experimental schemes. As the potential of this trap is steep and
possesses small spatial extension, it is also called a dimple trap [Pin97, SK98a, Web03,
Ryc04]. The particles in the spatially extended and shallower resonator trap described
in 4.2.2 serve as a reservoir, from which the dimple is loaded. So, the dimple is filled
with rather cold particles with high phase space density. By lowering the intensity of
the dimple laser, we can perform evaporative cooling and finally reach temperatures
low enough to achieve quantum degeneracy and a BEC of molecules.

In the following, the properties of the focused beam trap needed for our standard
experimental scheme to reach a molecular BEC, especially intensity profile and inten-
sity control, are described. Then, the two-dimensional scanning system of the dimple
beam as a tool for the creation of more complex optical potentials is presented. This
scanning system enables us to perform more advanced experiments, e.g. the measure-
ments described in chapters 6, 7 and 8.1.

A simplified schematic overview of the setup of the dimple trap including the scan-
ning system is given in Fig. 4.2. There the effect of a modulation of the scanning sys-
tem is shown. In addition, Fig. 4.2 also shows the setup of the imaging system along
the z-axis, which is the symmetry axis of the cloud.
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Figure 4.2: Schematic overview of the scanning system together with the imaging system
along the symmetry axis of the cloud. Two crossed AOMs allow for horizontal and vertical
displacement of the trapping beam. The thick solid line represents the unmodulated trapping
beam. The dotted lines represent the trapping beam with maximal modulation in horizontal
direction, so that the horizontal beam width is largely increased.

Focused beam trap

For the optical dimple trap we use a focused laser beam. The optical setup is described
in Fig. 4.3. We use an Yb:YAG laser (ELS VersaDisc 1030-50-SF) with a power of
26 W at a wavelength of λ = 1030 nm, which is far red detuned from all relevant
transitions. The laser runs at a stable TEM00 mode and possesses an initial ellipticity
of ε = 0.06 (for the definition of ε see Eq.(3.49)). The initial beam waist of the laser is
w = 316 µm at a position of 0.7 mm after the window of the laser casing.

We stabilize the intensity of the laser using a feedback system [Joc04]. A first
acousto-optic modulator (AOM) is used to control the power of the laser. Therefore the
signal of a calibrated photo diode is used in a feedback-loop to control the driver power
of the AOM and in this way the intensity of the light in the first scattered order. A
logarithmic amplifier of the photo diode enables precise intensity control over several
orders of magnitude.
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A system of telescopes is used to focus the laser at the position of the cloud in the
glass cell. The Gaussian intensity profile of the focused beam is

I(x, y, z) = P
2

πwx(z)wy(z)
exp

(
−2

(
x2

w2
x(z)
+

y2

w2
y(z)

))
, (4.3)

where P is the power of the laser and wx(z),wy(z) are the beam waists in x- and y-
direction at the position z from the focus given by

wx(z) = wx,0

√
1 +

(
z
z0

)
, (4.4)

and analog for wy(z). wx,0 and wy,0 are the minimal waists in the corresponding direc-
tion and z0 is the Rayleigh length defined by

z0 = π
w2

0

λ
. (4.5)

The intensity profile of Eq.(4.3) results, according to Eq.(4.1), in an optical trapping
potential. The maximal potential depth can be calculated to be

Vdip;max = −
3c2

ω3
0

(
Γ

ω0 − ω
+

Γ

ω0 + ω

)
P
w2

0

, (4.6)

with P being the power of the dimple laser. The corresponding temperature Ttrap, up to
which particles are trapped in this potential, is given by

Ttrap =
Vdip;max

kB
, (4.7)

where kB is Boltzmann’s constant.
For given beam waist w0 and dimple laser power P, the characteristics of the trap

is calculated. The maximal trap depth Vdip;max can be calculated to be

Vdip;max = 5.575 × 10−37(m2s)
P
w2

0

. (4.8)

The corresponding trap frequency ωr is determined by

ωr = 2π × 2.38 × 10−6
(
m

√
s

kg

) √
P

w2
0

. (4.9)

In addition, there is a magnetic confinement in the axial z-direction due to a residual
magnetic field curvature (see section 4.3). For low optical trapping power, the mag-
netic confinement has to be taken into account. The axial optical trap frequency ωz;opt

is given by

ωz;opt =
λ

πw2
0

√
2Vdip;max

m
= 2π × 5.51 × 10−13

(
m2

√
s

kg

) √
P

w2
0

. (4.10)
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The axial magnetic trap frequency ωz;mag is found to be

ωz;mag = 2π × 0.775
(
s−1G−1/2

) √
B. (4.11)

Altogether, the total axial trap frequency ωz is determined by

ωz =

√
ω2

z;opt + ω
2
z;mag. (4.12)

The adjustment of the beam waists w0,x and w0,y in x- and y- direction, respectively,
turns out to be crucial for evaporation process (see 5.1.2for details of the evaporation
process). Due to the initial ellipticity of the beam profile from the laser, the optical
system has to be carefully aligned to minimize the ellipticity. In our latest setup, we
achieve an ellipticity of ε = 0.06. This makes the trapping potential almost cylindri-
cally symmetric, with only small corrections due to ellipticity.

Besides differences between w0,x and w0,y, also the absolute size of the mean radial
beam waist w0 has severe consequences for the experiment.

A larger w0 results in a larger spatial extension of the dimple trap with lower trap
depth for a given laser power. This improves the number of particles transferred from
the resonator trap to the dimple trap, but also lowers the phase space density and col-
lision rate of the particles in the dimple trap.

A smaller w0 results in a higher phase space density and collision rate in the trap,
which enables a more efficient evaporative cooling process by lowering the trap depth.
But as less particles are transferred from the resonator trap into the spatially less ex-
tended dimple trap, the evaporation process starts with less particles.

The experimental challenge consists in finding a w0 which is large enough to pro-
vide a sufficient particle number in the deepest trap depth at the beginning of evap-
oration, but which is also small enough to provide an efficient evaporation ramp to
achieve a molecular BEC. We can change w0 by changing the position of the last lens
in front of the atoms (see Fig. 4.3). By changing w0 between 35 µm and 80 µm, we
experimentally found an optimum for w0 ≈ 54 µm.

Scanning system

In the following, a short overview of the new scanning system shown in Fig. 4.3 is
given. A more detailed description can be found in the diploma thesis of Christoph
Kohstall [Koh07]. The scanning system enables us to manipulate the position and
the shape of our trap in the x-y-plane. This system is a versatile tool that allows to
manipulate our optical dipole trap. We can rapidly displace the trap laterally. Fast
modulation of the beam position enables us to create time-averaged potentials for the
trapped particles [Mil01, Fri01].

As shown in the rough scheme in Fig. 4.2 and the more detailed overview in fig. 4.3,
the central part of the scanning system consists of two crossed AOMs (AOM 3110-
197 from Crystal Technology). These deflect the trapping light beam in horizontal and
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4.2 Trapping techniques

Figure 4.3: Optical setup for the focused beam trap including the scanning system

vertical direction. The deflection is based on Bragg scattering of the light at sound
waves in the AOM crystal. The acoustic waves in the AOM crystal are excited by an
external RF driving frequency, which determines the wavelength of the sound and in
this way the deflection angle of the light. So, by changing the RF driving frequency,
the deflection angle can be changed. We always use the first scattered order of each
AOM.

Fig. 4.4 illustrates the principle of our scanning system for one dimension. A col-
limated beam passes through an AOM and is deflected depending on the driving fre-
quency. The deflection results in a parallel displacement with a lens placed within the
distance of one focal length behind the AOM. By changing the frequency with which
the AOM is driven, the lateral position of the focus is shifted. This system enables
us to displace the focus of the trapping beam in horizontal and vertical direction by
up to four times the beam waist in all directions. Furthermore, the deflection can be
modulated by frequencies of up to > 950kHz within 3dB bandwidth, which is much
larger than the trap frequency. In our trap configuration, we typically use modulation
frequencies of 100kHz. We can create an elliptic potential shape by modulating the
trap potential along a specific direction. By choosing a suited modulation function,
these elliptic potentials are nearly harmonic. We realized that a periodic modulation
with an arc sine-like function results in much better harmonic potentials than a sim-
ple sawtooth modulation ramp (see also [Koh07]). The first telescope in front of the
crossed AOMs is used to achieve a beam waist of 680µm, which makes the beam
slightly smaller than the maximum diameter of 1400µm of the AOM. In this way, the
scattering efficiency of the AOMs is optimized to be > 90%. The laser beam is colli-
mated when passing the AOMs. So, a change in deflection angle results in a parallel
translation of the focussed beam after the second telescope and the last focussing lens.
We measured the deviation from parallelism of the deflected beams to be < 0.5%.
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Figure 4.4: Schematic illustration of the scanning system. A wide collimated beam passes
through an AOM. The resulting deflection angle depends on the driving frequency of the AOM.
The beam passes through a lens in the distance of one focal length behind the AOM. The lens
focuses the beam for atom trapping. Deflection results in a parallel shift of the beam position
in the focal plane. The solid and dashed lines show the beam’s path for different deflection
angles. The zeroth order beams are not shown.

4.3 Magnetic field coils
In order to tune the scattering properties of our 6Li gas over the full range of interest
(see section 2.3) we use a pair of magnetic field coils that creates magnetic fields of
up to 1470 G at a current of 200 A. The main features of our design are a small size,
an efficient cooling and small Eddy currents. These requirements are met by using
flat cooper wire from which two individual coils with a small gap between them are
formed. There is a constant flow of cooling water in the gap. The water is in contact
with every winding and thus leads to efficient cooling. Finally the water proof housing
is made from PVC and avoids Eddy currents. In principle, it enables fast switching
of the magnetic field. The technical details of the coils are found in [Joc04, Hen03].
Reference [Joc04] also provides the technical details of our current stabilization which
results in a stability of 22 mG (±3 mA ). This enables us to tune the atomic s-wave
scattering length a very precisely.

A special detail in the setup of these magnetic field coils is a small curvature in the
created magnetic field. This curvature leads to a weak trapping potential for lithium
atoms and molecules along the axial z-direction. The trapping potential is described
by

Vmag = −
1
2
µ B′′z2, (4.13)

where µ is the magnetic moment of the particles and B′′ is the curvature of the magnetic
field. This results in magnetic trap frequencies of

ωmag =

√
µ B′′

m
. (4.14)
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For our experimental parameters we find B′′ = −0.0255 cm−2 × B and µ = µB, as the
magnetic moment of 6Li atoms equals Bohr’s magneton.

In addition to the large coils that create the magnetic bias field, a pair of small coils
for fast changes in the magnetic field is also installed. The space between the mount
for the optical resonator and the large magnetic field coils contains a second pair of
small coils. In contrast to the big coils these coils are not water cooled and can be
operated continuously up to 500 mA. This results in a homogenous field of about 25 G
or, if alternatively operated in anti-Helmholtz configuration, in a field gradient of about
8.5 G/cm. Moreover these coils can for short times < 1 s produce homogenous fields
exceeding 300 G (or alternatively gradients > 100 G/cm).

In our experiments, these coils are used in anti-Helmholtz configuration to com-
press the MOT during the transfer into the standing wave, to compensate for gravity
and for residual magnetic field gradients in the vertical direction.

4.4 Detection system
We use two different techniques to detect cold atoms and molecules in our trap. Mea-
suring the fluorescence light with a calibrated photo diode is a robust tool to gain
information about the number of particles in our trap. The technique of fluorescence
measurement is shortly described in 4.4.1. A more sophisticated technique uses ab-
sorption imaging of the cloud. From absorption images, we determine density profiles
of the cloud. Absorption imaging enables us not only to measure the total number of
particles, but also their density distribution in phase space. In our experimental setup,
some imperfections have been taken into account. The absorption imaging system
including some corrective optics is presented in 4.4.2.

A very important parameter of all our experiments is the total number of particles.
Therefore, the determination of the number of particles with both methods is described
more detailed in 4.4.3.

4.4.1 Fluorescence measurement
A simple and robust way to detect the cold particles in our trap is to recapture the
particles into the MOT and to measure their fluorescence.

A calibrated photodiode is used to detect the light that is scattered into a solid
angle Ω. We define the rate of photons hitting the photodiode as ΓPD. Together with
Γ,the photon scattering rate of the atoms in the MOT, the total number of atoms N is
determined by

N =
ΓPD

ΓΩ
. (4.15)

In our case the atom number calibration yields [Joc04]

N = 2.85 × 106 atoms/V, (4.16)
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with a relative uncertainty of about 25%.
To detect the number of molecules at a given magnetic field, we employ a technique

that is based on the dissociation of the molecules by ramping the magnetic field across
the Feshbach resonance [Reg03]. This ramp shifts the bound level above the contin-
uum and the molecules quickly dissociate. After this dissociation process we quickly
ramp the magnetic field down to zero. This fast ramp speed avoids the molecule forma-
tion when crossing the Feshbach resonance and the region where a > 0. In addition, we
heat the sample by abruptly turning on the full trapping laser power to avoid molecule
formation. This step turned out to be crucial as even while all molecules might be dis-
sociated during the ramp across the resonance, molecules could be formed again from
a cold sample during the ramp back to zero magnetic field before detection. Further-
more, we limit the heating of the sample in a way that no evaporative loss occurs. This
is done by minimizing the time for the magnetic field ramps so that the atoms would
spend only negligible time in regions with large scattering length. After reaching zero
magnetic field, we recapture the atoms in the MOT and measure the atom number as
described above.

This measurement yields the total number of atoms Ntot = 2Nmol + Nat, where Nmol

and Nat denote the number of molecules and atoms, respectively. In order to obtain
Nat, we repeat the same measurement without the Feshbach dissociation ramp by im-
mediately ramping down to zero magnetic field from the initial magnetic field. This
ramp down to zero magnetic field increases the molecular binding energy to a large
value of about kB × 80 mK so that the molecules are lost without leading to any fluo-
rescence light in the MOT. The number of molecules is determined by the difference in
atom numbers measured in the two subsequent runs with and without the dissociating
Feshbach ramp.

4.4.2 Absorption imaging
Our main detection technique is absorption imaging. The basic idea lies in the imaging
of the intensity profile of a resonant laser beam, which has been partially absorbed by
a particle cloud, on a CCD camera [Ket99].

We use absorption imaging along two imaging axes. An older optical setup, de-
scribed in detail in [Joc04] and [Rie04], images the longer axis of the cigar-shaped
cloud in the dipole trap under an angle of 46◦ ± 1◦ to the horizontal plane. In this way,
the axial profile of the cloud can be detected. Recently, an additional imaging system
has been set up parallel to the trapping laser beam (see Fig. 4.2). This enables us to de-
tect the full radial profile of the cloud. In contrast to the older imaging system, which
included only information of the vertical radial direction y, the new system provides
information of both vertical and horizontal radial directions x and y. Furthermore, we
are able to take absorption images along both imaging axes at the same time, which
provides both axial and radial profile of the cloud.

To image the particles at high magnetic field in the vicinity of the Feshbach
resonance we use a grating stabilized diode laser at λ = 671nm, that is locked
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by a frequency offset locking technique to our reference laser. This enables us to
tune the frequency of the imaging laser over a wide range of ±1.8 GHz. A de-
tailed description of the setup is given in [Rie04]. The imaging of the atoms is
based on a closed σ−-transition from the 2S 1/2 ground state to the 2P3/2 excited state
(|2S 1/2,mJ = −1/2,mI〉 → |2P3/2,mJ = −3/2,mI〉). Because the transition frequency
depends on the orientation of the nuclear spin (mI = −1, 0, 1), the imaging at high
magnetic field also offers a state selective detection. The magnetic moment of the ex-
cited and ground state amounts to 2 µB and µB, respectively and therefore the transition
frequency tunes with −µB ≈ −1.4 MHz/G. We are also able to image weakly bound
molecules at high magnetic fields with the same light like atoms. This is possible as
long as the shift of the transition frequency for molecule compared to atoms is smaller
than the linewidth of the transition [Zwi03]. Estimations (see [Bar05a]) show that for
magnetic fields > 720G, the shift is below 1MHz, whereas the natural linewidth of 6Li
is Γ = 2π × 5.9MHz. So the weakly bound molecules at magnetic field above 720G
can be imaged as if they were free atoms.

For radial imaging, the resonant light of the imaging laser possesses a typical power
of 180 µW and is collimated to a waist of 1.48 mm, resulting in an intensity I0;max ≈

10 mW/cm2. Typical durations of the imaging light pulse are 5 µs.

Figure 4.5: Typical absorption images of the ultracold gas cloud. On the left-handed side an
in-situ image of the trapped cloud along the axial direction of the cigar-shaped geometry is
shown. The right-handed image displays the expanded cloud after release from the trap in a
time-of-flight picture along the radial direction.

In our experiments, there are two ways of gaining information from a trapped parti-
cle cloud by absorption imaging. By imaging the cloud in the trap, the in-situ imaging,
the spatial density distribution of the cloud can be deducted [Ket99]. In our setup,
in-situ imaging is only useful for axial images of the trapped cloud, as the radial size
of the cloud is to small to be resolved by our imaging system. On the other hand, the
time-of-flight imaging of an expanding cloud being released from the trap, is suitable
for both imaging axes of our experimental setup. After expansion (in our case the
expansion time tTOF lasts typically a few ms), also the size of the cloud in radial di-
rection is large enough to provide a satisfying resolution. From time-of-flight images,
the density distribution of the cloud in phase space can be extracted [Ket99]. Typical
absorption images are shown in Fig. 4.5. On the left-hand side, an in-situ-image of
the longer axial side of the cigar-shaped cloud is shown. The right-hand side shows a
time-of-flight image of the radial expansion of the cloud.
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Figure 4.6: Optical setup for the absorption imaging system of the radial cloud profile. The
cloud in the object plane is imaged on the CCD camera in the image plane. A telescope is
magnifying the cloud, whereas imaging imperfections induced by the glass cell are corrected
for by the correction plate. Note that the object distance is for experimental reasons not exactly
the focal length of the first lens. The light distributions represent the undiffracted light of the
laser and the diffracted light of two objects with different size.

Detailed information on the optical setup of the new radial imaging system is given
in Fig. 4.6. We want to image the particle cloud in the object plane on the CCD chip of
the camera in the image plane. In order to magnify the object, a telescope is integrated
in the optical setup. Due to limitations of optical access, the object distance from
the cloud to the first lens is not exactly the focal length of the first lens. Therefore, the
magnification is not the ideal value of 450/145 ≈ 3.103 but the slightly higher value of
∼ 3.2. Together with a pixel size of the CCD chip of 13µm, this results in a resolution
of the cloud of ∼ 8µm.

Diffracted light from the cloud passes the 4mm thick glass cell under an angle
of about 45◦. So we find the situation of an uncollimated beam passing through a
tilted glass plate [Wya92], which causes several aberration effects. A detailed study of
these effects and how to compensate them is given in the diploma thesis of Christoph
Kohstall [Koh07]. In summary, the aberration effects mainly result in imaging errors
like astigmatism, coma error and spherical aberration. Suited correction schemes have
to take into account the limited available space for corrective optics. A correction
of coma is done by a decentering of the first lens. Astigmatism can be corrected for
by introducing a 40 mm thick glass plate after the last lens. The effects of spherical
aberration are negligible within experimental parameters.

4.4.3 Particle number determination
A crucial parameter in all our experiments is the total number of particles N. Like de-
scribed in 4.4.1, we can determine N from fluorescence measurements. But N can also
be determined from absorption images. In the past there has been a large difference of
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a factor of 4−8 between the particle numbers calculated by both methods (see [Joc04]
and [Bar05a]). With a new and more precise approach we are now able to calculate N
from absorption images in agreement with the result from fluorescence measurements.
We will present this approach for absorption measurements in the following (see also
[Koh07]).

Absorption of light by the cloud leads to a density dependent decrease in intensity
I(x, y, z) along the axis z of the imaging beam

dI(x, y, z)
dz

= −~ωΓlight(x, y) n(x, y, z), (4.17)

where ω is the imaging laser frequency, n(x, y, z) is the density of the particles and
Γlight(x, y) is the photon scattering rate of the particles given by

Γlight(x, y) =
I(x,y)

IS

Γ
2

1 + I(x,y)
IS
+

(
2δ
Γ

)2 . (4.18)

Here, Γ is the natural linewidth for 6Li, δ is the detuning of the imaging light and IS

the saturation intensity defined by

IS =
πhcΓ
3λ3 . (4.19)

For 6Li and λ = 671nm one gets IS = 2.56mW
cm2 . In our experimental setup, we have to

include the effective saturation intensity IS ,e f f = 2IS , as we use only the σ+-polarized
part of our linearly polarized light for absorption.

The saturation parameter I/IS is a crucial parameter for our approach. In [Joc04]
and [Bar05a] we considered I/IS to be small. We now typically use I/IS ≈ 4 in order to
suppress noise effects. So we include a not necessarily small I/IS in the new approach.
Our next step in calculating the particle number N is to determine the column density
ñ(x, y), which is defined by

ñ(x, y) =
∫

dz n(x, y, z). (4.20)

We introduce the scattering cross section σ as

σ =
~ωΓ
2IS
=

3λ2

2π
, (4.21)

and the effective scattering cross section σe f f =
1
2σ. Together with the initial intensity

I0(x, y) and an parameter A = 1 +
(

2δ
Γ

)2
for simplification, we get from equation (4.17)

ñ(x, y) =
1
σe f f

(
A ln

I(x, y)
IS
− A ln

I0(x, y)
IS

+
I(x, y)

IS
−

I0(x, y)
IS

)
. (4.22)
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Equation (4.22) includes the detuning δ in the parameter A. For particles at rest, we
can provide δ ≈ 0 in all our experiments. Photon recoil induces some detuning, but the
effects on ñ can be calculated to be only a few percent [Koh07]. So, we can neglect the
detuning and assume A ≈ 1, which leads to

ñ(x, y) =
4π
3λ2

(
ln

(
I(x, y)

IS

)
+

I0(x, y)
IS

(
I(x, y)

IS
− 1

))
. (4.23)

The terms I/IS and I0/IS in Eq.(4.23) are measured with the calibrated count rate of
the CCD chip of our camera. In this way, the column density ñ and with

N =
∫

dxdy ñ(x, y), (4.24)

the total number of particles N are determined.
The number of particles which we get from absorption images with this method

agrees well with the number we get from fluorescence measurements (see 4.4.1).
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Chapter 5

Basic experimental methods

In the previous chapter 4, we presented the details of our experimental apparatus. Be-
fore describing the results of our measurements (chapters 6, 7 and 8.1), we introduce
some of the basic experimental methods. For all measurements discussed in later chap-
ters, we create a molecular BEC as a starting point. The creation process of a molecular
BEC, consisting of the creation of molecules and the evaporation to quantum degener-
acy, is described in section 5.1.

After the preparation of a molecular BEC, we characterize our system. To do this,
we use standard techniques such as the measurement of the trap frequencies and a
controlled change in temperature.

We discuss how the radial trap frequencies are measured in section 5.2. The knowl-
edge of the radial trap frequencies of the optical trapping potential is necessary for the
determination of different collective mode frequencies (see 3.2, 3.3 and 3.4). Further-
more, from the trap frequencies in horizontal and vertical direction the ellipticity of the
trap can be derived, which enables us to calculate ellipticity corrections for precision
measurements of the compression mode frequency (see 3.5.1). Finally, in section 5.3
a description of our scheme for controlled heating is given.

5.1 BEC of molecules

The achievement of the first molecular BEC has been a milestone in the field of ultra-
cold quantum matter [Gre03, Joc03a]. In our experiments, we use the molecular BEC
as a starting point for further experiments in the BEC-BCS crossover regime. To cre-
ate the BEC, we must first create long-living, bosonic molecules. This is described in
5.1.1. The long lifetime of these molecules make them perfectly suited for evaporative
cooling. The details of the evaporation process are presented in 5.1.2.
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5.1.1 Formation of molecules

We create weakly bound molecules at a magnetic field of 764 G, which is in the vicin-
ity of a magnetic Feshbach resonance of 6Li atoms at 834 G. A description of these
molecules, including their binding energy, is given in 2.3.1. These molecules are cre-
ated by three-body recombination of 6Li atoms [Joc03b] at a fixed magnetic field. We
found this to be more efficient than molecule creation schemes that include a sweep
across the Feshbach resonance [Cub03]. In the three-body recombination process, a
6Li2 molecule is formed by two atoms. The binding energy of this molecule is re-
leased as kinetic energy of the third atom, which can lead to heating. There is an
inverse process of dissociation of molecules. This can happen through atom-dimer
and dimer-dimer-collisions. This dissociation process is endoergic in contrast to the
exoergic three-body-recombination process. At a given temperature a chemical equi-
librium of atoms and molecules evolves, where both processes are balanced [Chi04b].
An illustration of this equilibrium is shown in Fig. 5.1.

Figure 5.1: Illustration of the thermal equilibrium of atoms and molecules in a trapped gas on
the molecular side of the Feshbach resonance. The three sub-systems, atoms in state |1〉 (com-
pare 2.3.1 for the spin states of 6Li), atoms in state |2〉 and the molecules are in thermal contact
(thermal energy kBT ). Because of their binding energy Eb (see Eq.(2.36)), the molecules are
energetically favored. The equilibrium can also be understood in terms of a balance of the
chemical processes of exoergic recombination and endoergic dissociation.
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5.1.2 Evaporation
The evaporative cooling process in all our experiments takes place at a magnetic field
of 764 G, which is also the same field where we create molecules (see 5.1.1 above).
At this magnetic field, the scattering length is a = +4500a0, which means strong
repulsive interactions between both atoms and molecules (for details of the particle-
particle interactions see 2.3.1).

The strong interactions result in high elastic collision rates. Thus thermalization is
very efficient. In contrast to this, inelastic collision rates are relatively low, resulting in
few losses. Altogether, these conditions are ideal for an evaporative cooling process.

Figure 5.2: Different stages of the evaporative cooling process. (a) At high temperatures,
only few molecules are present and the evaporation is mainly driven by elastic collisions in
the atomic spin mixture. (b) As the gas gets colder, the chemical atom-molecule equilibrium
begins to favor the molecules. (c) By further evaporation all the atoms are removed. This
is further enhanced by the fact that the trap depth for the molecules is twice as large as for
the atoms. Thus more molecules remain trapped. (d) After all the atoms are removed, the
evaporation takes place with a purely molecular gas. Finally the critical temperature TC is
reached and the gas is condensed in a BEC.

An overview of the different stages of the evaporative cooling process of a trapped
ensemble of atoms and molecules in thermal equilibrium is given in Fig. 5.2. For de-
creasing temperatures, the fraction of molecules is increasing. For low trap depths
the fermionic atoms lack on trapped states to fill. Furthermore, the trap depth for
molecules is twice as large as the one for atoms. This results in an almost pure molec-
ular ensemble that remains in the trap. The bosonic molecules can accumulate in the
ground state and in the end condense into a molecular BEC.

The whole evaporation process takes place in a focused-beam optical trap (see
4.2.3). A crucial parameter is the radial beam waist w0. A larger w0 results in a
larger spatial extension of the dimple trap. This results in a lower trap depth for the
molecules at given laser power. A larger waist improves the number of particles loaded
into the trap at the beginning of the evaporation process. It also lowers the phase space
density and elastic collision rate of the particles in the trap. This makes evaporation
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less efficient. For the same reasons, a smaller w0 results in a more efficient evaporative
cooling process that starts with less particles. Therefore we determined the optimal
beam waist by optimizing the particle number at the end of the evaporation process.
We found it to be w0 ≈ 54 µm.

Using the optimized beam waist, we start the evaporation process with a typical
particle number of N ≈ 2 × 106 atoms. Here the radial trap frequency is 2π×2.8 kHz,
which corresponds to a trap depth of 160 µK. We perform a evaporation ramp of typ-
ically 5 s, where we lower the power of the trapping laser exponentially. Finally, we
reach an almost pure molecular BEC with a particle number of N ≈ 2×105 molecules.
There the radial trap frequency is 2π×180 Hz, which corresponds to a trap depth of
680 nK. For our experiment, These are standard conditions for the creation of a molec-
ular BEC. It is possible to reach even colder temperatures and thus create an even purer
molecular BEC. However this greatly reduces the particle number. In order to mini-
mize temperature effects (see the precision measurements of the compression mode
in chapter 6), we created the coldest possible gas in the manner described above. We
achieved an ensemble of about 1 × 105 molecules after lowering the evaporation trap
depth to ≈500 nK.

5.2 Measurement of trap frequencies
The optical dimple trap (see 4.2.3) is a central part of all our experiments. Therefore,
it is important to precisely characterize this trap. this can be done by determining
the radial trap frequencies ωx and ωy, as they are equal for both trapped atoms and
molecules. As all radial oscillation modes depend on the radial trap frequencies, we
always normalize the mode frequency on the trap frequency (see chapter 3). Further-
more, ωx and ωy are also used to determine the ellipticity of the trap, which results in
some corrections on the normalized mode frequencies(see 3.5.1 and 6.4.2).

For a measurement of the radial trap frequencies, we use the radial dipole mode.
This mode is also called radial sloshing mode and described in more detail in 5.2.1.
An explanation of our fit routine is given in 5.2.2.

5.2.1 Sloshing mode
The radial sloshing mode is a center of mass oscillation of the cloud in the trapping
potential. This dipole mode shows no change in volume, surface or rotation angle
during oscillation. This contrasts the higher excitation modes presented in chapter 3.
Therefore the frequency of this mode is independent of the statistics and two-body
interactions within the gas [Dal99a]. In a harmonic potential, the frequency of the
sloshing mode in a chosen direction is equal to the trap frequency. For small deviations
from the harmonic case, corrections have to be taken into account (see 3.5.2).

In order to excite the sloshing mode, we start with an ultracold cloud (not neces-
sarily a Bose-condensed gas) in the dimple trap. We use our scanning system for an
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5.2 Measurement of trap frequencies

adiabatic displacement of the trap. This takes about 100 ms. The cloud is displaced and
remains in the minimum of the trapping potential. Then the trap is suddenly moved
back to its original position. This jump-like motion is too fast for the cloud to follow.
So the center of mass of the cloud is displaced from the minimum and the cloud starts
oscillating in the initial potential. The amplitude of this displacement is chosen in such
a way that the given energy is about 10% of the trap depth. While the cloud is oscil-
lating in the trap, we wait for a time of the order of several tens of ms and then turn
off the trap. Next, we image the cloud by time-of-flight imaging. The images are fitted
with a two-dimensional fit to a Thomas-Fermi profile. Thus we determine the position
of the center of mass of the cloud for different hold times. This yields the frequency of
the sloshing mode.

Figure 5.3: Radial sloshing observed at a trap power of 540 mW and B = 735 G. The two-
dimensional center-of-mass motion is represented in a coordinate system (x′, y′) rotated by
∼ 45◦ with respect to the principal axes of the trap. The beat signal between the two sloshing
eigenmodes demonstrates the ellipticity of the trap. The two eigenfrequencies are determined
to be ωx = 2π × 570Hz and ωy = 2π × 608Hz by our rotation fit routine(see 5.2.2).

The residual ellipticity of the radial beam profile (see 4.2.3) results in some further
complications in determining the trap frequencies. As we want to determine both radial
trap frequencies ωx and ωy simultaneously in one measurement, we have to excite an
oscillation in both x- and y-direction. This is done by displacing the cloud in a direction
between the x- and y-direction.This results in a beat between the two eigenmodes of
the trap in the new coordinate system x′, y′ as can be seen in the typical oscillation in
Fig. 5.3.
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5 Basic experimental methods

5.2.2 Rotation fit
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Figure 5.4: Calculated trap frequencies ω for different rotation angles of the fitting routine.
The results are based on the raw data shown in Fig. 5.3. Depending on the rotation angle, the fit
procedure yields the two different eigenfrequencies of ωx = 2π×570Hz and ωy = 2π×608Hz.

We use a special rotation fit procedure to determine the trap frequencies along
the principal axes of an elliptic trapping potential. This procedure yields much better
results than a simple two frequency fit of the beat signal. Typical raw data are shown
in Fig. 5.3. The coordinate system for our detection, specified by the axes x′ and y′, is
rotated with respect to the coordinate system determined by the principal axes of the
elliptic trapping potential x and y. In order to detect the oscillation along the principal
axes and the trap frequencies ωx and ωy, the coordinate system has to be rotated. This
rotation is implemented after evaluation of the center of mass motion. The axes of the
rotated coordinate system are called x∗ and y∗. We use a fitting routine which stepwise
rotates the coordinate system and fits, for each step, a damped oscillation function in
x∗- and y∗ -direction. The fit function is given by

x∗(t) = A exp (−κt) cos (ωx∗t + φ) + x0,

y∗(t) = A exp (−κt) cos (ωy∗t + φ) + y0. (5.1)
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In Eq.(5.1), A is the amplitude of the oscillation, κ is a damping term, ωx∗ and ωy∗ are
the oscillation frequencies, φ is a phase and x0 and y0 are offsets.

A typical result from this fitting procedure for different rotation angles is given in
Fig. 5.4. From all rotation angles, we choose the angle, where the error of the fitting
functions along x∗ and y∗ direction is the smallest. We assume these axes to be the
principal axes of the elliptic trapping potential. From the fit function, we find the trap
frequencies ωx and ωy with typical uncertainties of less than 0.5 %.

5.3 Controlled heating procedure
For some experiments, it is interesting to look at the influence of temperature. There-
fore a controlled heating procedure is very useful. In our experiments, we implemented
this by first compressing the trap. Then the gas is held in the trap for a variable hold
time. During recompression, the trap frequencies are increased up to a value of about
2π × 600 Hz. This results in a higher density of the trapped cloud, which increases the
elastic collision rate. In this way the ensemble is heated up in the recompressed trap
without loosing particles for hold times below 2 s. As absolute measurement of the
temperature is difficult, we use the normalized damping rate as a sensitive, but uncali-
brated thermometer [Kin04a, Kin05a]. The normalized damping rate of an oscillation
with the exponential damping constant κ is defined by κ/ωr. In Fig. 5.5 the dependence
of the heating on the hold time in the recompressed trap is displayed.
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Figure 5.5: Illustration of the effect of the controlled heating procedure. As an uncalibrated
thermometer, we show the damping of the compression mode κ normalized to the radial trap
frequency ωr. The longer the hold time in the recompressed trap, the higher the temperature.
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Chapter 6

Measurements of the compression
mode

In this chapter, we present precision measurements of the radial compression mode,
also called radial breathing mode, in an optically trapped, strongly interacting Fermi
gas of 6Li atoms. The mode serves as a sensitive probe for the compressibility and
thus the equation of state of a superfluid gas in the BEC-BCS crossover [Str04, Hei04,
Hu04, Man05, Ast05]. We reach a precision level that allows us to distinguish between
the predictions resulting from the equation of state from mean-field BCS theory and
QMC calculations. Previous experiments on collective modes, performed at Duke
University [Kin04a, Kin04b] and at Innsbruck University [Bar04b], showed frequency
changes in the BEC-BCS crossover in both the slow axial mode and the fast radial
compression mode of a cigar-shaped sample. The accuracy, however, was insufficient
for a conclusive test of the different many-body theories in the strongly interacting
regime.

In section 6.1, the theoretical framework of the measurements is given. Section 6.2
describes the experimental setup and methods we used, whereas section 6.3 presents
several corrections for experimental imperfections on the data. In section 6.4 the ex-
perimental results of precision measurements in the strongly interacting BEC regime
(6.4.1) and a reinterpretation of previous results in the whole BEC-BCS crossover
(6.4.2) are presented.

6.1 Theoretical predictions

We study a degenerate two-component Fermi gas in the BEC-BCS crossover re-
gion [Eag69, Leg80, Noz85, Eng97], where the s-wave scattering length a is com-
parable with or larger than the interparticle spacing (see also chapter 2). Here,
the equation of state is governed by many-body effects. Understanding the equa-
tion of state is of fundamental interest and constitutes a difficult task for many-body
quantum theories, even in the zero-temperature limit. Therefore a comparison be-
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tween precise experimental results and theoretical predictions offers great opportuni-
ties for a better understanding of these many-body effects. Mean-field BCS theory
[Eag69, Leg80, Noz85, Eng97, Str04, Hei04, Hu04, Man05] provides a reasonable
interpolation between the well-understood limits of a weakly interacting BEC and a
BCS-type superfluid. More sophisticated crossover approaches using diagrammatic
techniques [Pie05] yield quantitatively different results in certain regimes, none of
them however providing a complete description of the problem. The most advanced
theoretical results were obtained by numerical calculations based on a quantum Monte-
Carlo (QMC) approach [Ast04, Ast05].

On the BEC side of the crossover, there are two competing effects in the equation
of state. One of these effects is based on the strong interactions in a Bose gas. These
cause beyond-mean-field effects associated with quantum depletion, which increase
the average energy per particle. To lowest order, this beyond-mean-field effect leads a
correction to the equation of state predicted by Lee, Huang, and Yang (LHY) almost
50 years ago [Lee57b, Lee57a]. Beyond mean-field effects are expected to reduce the
compressibility of a strongly interacting Bose gas as compared to the weakly inter-
acting case. Contrary to this effect of strong interactions in a Bose gas, the onset of
fermionic behavior leads to quite different effects. When approaching the resonance,
fermionic behavior emerges and the system loses its purely bosonic character, which
increases the compressibility of the strongly interacting gas.

Mean-field BCS theory

Mean-field BCS theory (see also section 3.2) connects the two known limits of a
strong-coupling BEC of molecules consisting of two fermionic atoms and a weak-
coupling superfluid BCS-state consisting of Cooper-pairs of these fermionic atoms.
Starting from usual BCS-theory [Bar57a, Bar57b], the connection to the BCS-limit
is done by introducing a mean-field term, which includes pairing interaction in the
BEC-BCS crossover region [Eag69, Leg80, Noz85, Eng97]. So, this theory provides
relatively simple models for the equation of state in the whole BEC-BCS crossover
regime [Str04, Hei04, Hu04, Com04b, Com04a, Kim04b, Kim04a, Pie04, Man05,
Bul05, Pie05], which are analytically solvable. A main disadvantage of mean-field
BCS theory is the absence of the beyond-mean-field effects mentioned above. Further
disadvantages of this theory become obvious as predictions from this model disagree
with the values determined by other theoretical and experimental methods.

Quantum Monte Carlo theory

Quantum Monte Carlo theory (see also section 3.2) provides much more advanced
models [Car03, Ast04, Ast05]. Based on numerical calculations and some starting
conditions, the beyond-mean-field effects as described above are included. This more
sophisticated approach does not suffer from disadvantages of the mean-field BCS the-
ory like the disagreement with experimental verified parameters.
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6 Measurements of the compression mode

One would expect a more precise description from quantum Monte Carlo theory
than from mean-field BCS theory. However, the differences in the predicted compres-
sion mode frequency ωc between both models are small. In the strongly interacting
BEC regime, the difference between both theories is only of the order of a few percent.
Therefore precision measurements are needed to distinguish the theories from each
other.

6.2 Experimental realization
A strongly interacting, degenerate gas of 6Li atoms in the lowest two internal states
is prepared as described in chapter 5 and our previous publications [Bar04b, Bar04a,
Chi04b]. The broad Feshbach resonance centered at a magnetic field of B = 834 G
facilitates precise tuning of the s-wave scattering length a [Bar05b]. Forced evapora-
tive cooling is performed in a 1030-nm near-infrared laser beam focussed to a waist
of 54 µm at 764 G. This waist size is significantly larger than the old value of 24 µm,
which was used in [Bar04a, Bar05b]. So, a deeply degenerate cloud of N = 2.0(5)×105

atoms with even lower temperatures than in the previous experiments is achieved. By
adiabatically increasing the trap laser power after cooling, the sample is recompressed
to achieve nearly harmonic confinement. In axial direction the gas is magnetically con-
fined in the curvature of the field used for Feshbach tuning with an axial trap frequency
of ωz/2π = 22.4 Hz at 834 G. The experiments reported here are performed at two dif-
ferent final values of the laser power of the recompressed trap. At 135 mW (540 mW),
the trap is 1.8µK (7.3µK) deep and the radial trap frequency is ωr ≈ 2π × 290 Hz
(590 Hz). According to equation (2.26) the Fermi energy of a non-interacting cloud is
calculated to EF = ~2k2

F/2m = ~(3ω2
rωzN)1/3 = kB × 500 nK (800 nK); here m is the

mass of an atom and kB is Boltzmann’s constant.
Compared to our first measurements on collective excitation modes [Bar04b,

Bar05a], we have upgraded our apparatus with a two-dimensional acousto-optic de-
flection system for the trapping beam (see detailed description in 4.2.3) and a new
imaging system along the trapping beam axis (see 4.4.2). These two improvements
provide us with full access to manipulate and observe the radial motion.

The trap beam profile is somewhat elliptic because of imperfections and aberrations
in the optical set up (for the optical set up of the trapping system see section 4.2.3).
Already the profile of the laser beam is slightly elliptic. In addition, the optics for the
deflection system and the focussing of the beam to the right spot size lead to further
imperfections. A main contribution to this imperfections are the aberrations due to the
angle of ∼ 45◦ between trapping beam and glass cell. In our previous experiments
[Bar04a] the ellipticity was relatively large (ε ≈ 0.2), of which we were not aware
before the apparatus upgrade. This explains the observed quantitative deviations at
that time of the compression mode frequencies from the hydrodynamic predictions for
a cylindrical trap. To simultaneously excite the two eigenmodes of the radial sloshing
motion, we initially displace the trapped sample into a direction between the horizontal
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6.2 Experimental realization

and vertical principal axes of the radial potential. After a variable hold time, during
which the cloud oscillates freely, we turn off the optical trap. After typically 4 ms we
take an absorption image of the released cloud. The center-of-mass position of the
cloud then reflects its momentum at the instant of release. A careful analysis of such
data like presented in 5.2.1 allows us to determine the eigenfrequencies ωx (horizontal
sloshing) and ωy (vertical sloshing) to within a relative uncertainty of typically 2 ×
10−3. We finally derive the mean sloshing frequency ω⊥ =

√
ωxωy and the ellipticity

parameter ε = (ωy − ωx)/ω⊥ (see also Eq.(3.49)). For our experimental conditions we
find ε = 0.066.

To excite the radial compression oscillation we reduce the trap light power for
a short time interval of ∼100µs, inducing an oscillation with a relative amplitude of
typically 10%. After a variable hold time the cloud is released from the trap and an
absorption image is taken after typically 4 ms of expansion. From two-dimensional
Thomas-Fermi fits to the expanding cloud, we determine the mean cloud radius Wr.
From a fit function of a damped harmonic oscillation,

Wr(t) = A exp (−κt) sin (2πωct − φ) + y, (6.1)

the frequency ωc and damping rate κ of the radial compression mode can be deter-
mined. Note that A is the amplitude, φ a phase factor and y a constant offset of this
oscillation.

Figure 6.1: Radial compression oscillation observed at a trap power of 540 mW and B =
735 G, corresponding to 1/(kFa) = 1.55. The radial width is determined by averaging the
horizontal and vertical Thomas-Fermi radii after expansion. Here we obtain ωc/2π = 1185Hz.

A typical data set for a measurement of the radial compression mode is shown in
Fig. 6.1. The data in Fig. 6.1 has been taken at a magnetic field of 735G and a trap
power of 540mW, which corresponds to an interaction parameter 1/(kFa) = 1.55. The
radial width determined from a Thomas-Fermi fit to the absorption image is plotted
versus the hold time in the trap. The oscillation of the width is fitted by the function
(6.1), which yields a compression mode frequency of ωc/2π = 1185Hz.
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6 Measurements of the compression mode

6.3 Corrections of experimental imperfections

Our experiments are performed close to the limit of an elongated harmonic trap po-
tential with cylindrical symmetry. This elementary case is of great general relevance
for many quantum gas experiments in optical and magnetic traps (see, e.g. [Che02]).
In this idealized case, collective excitations are conveniently normalized to the trap
frequency ωr, which makes the results comparable with theoretical predictions like in
section 6.1. The compression mode can then be written as

ωc = fcωr, (6.2)

where fc is a dimensionless function of the interaction parameter 1/(kFa) and is related
to an effective polytropic index γ of the equation of state (see Eq.(3.7)) by ω2

c = 2(γ +
1)ω2

r (compare Eq.(3.43)). So, fc can be written as

fc =
√

2γ + 2 ωc/ωr. (6.3)

In order to compare our experimental results with theory, we consider the quantity fc,
i.e. the normalized compression mode frequency of the ideal, cylindrically symmetric,
elongated trap. We approximate the idealized fc by the ratio ωc/ω⊥ of the measured
compression mode frequency ωc (from the fit function (6.1)) and the mean sloshing
mode frequency ω⊥. We find, that for our experimental conditions, this approximation
is better than one percent. However, an accuracy level of 10−3 is desired. To reach
this precision level, small effects due to experimental imperfections compared with
ideal theoretical conditions have to be taken into account. The most important of
these effects stem from the residual trap ellipticity and the anharmonicity of the radial
potential in combination with the spatial extension of the trapped sample. We thus
introduce two small corresponding corrections, expressing fc in the form

fc =
(
1 − σε2 + bα

)
ωc/ω⊥. (6.4)

6.3.1 Ellipticity corrections

The correction due to an ellipticity of the trapping potential has been calculated
in 3.5.1. There, starting from the hydrodynamic eigenfrequency equation (3.52),
straightforward calculations and Taylor expansions for small ε finally lead to ω2

c =

ω2
⊥(2 + 2γ)

(
1 + ε2(γ + 2)/4γ

)2
(see Eq.(3.55)). By inserting into Eq.(6.4), we get for

the ellipticity correction parameter σ

σ = (γ + 2)/4γ. (6.5)

For all our experiments, the ellipticity correction σε2 stays well below 6 × 10−3.
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6.3 Corrections of experimental imperfections

6.3.2 Anharmonicity corrections
The idealized theoretical approach assumes a point-like cloud oscillating in a perfectly
harmonic potential. Under real experimental conditions, spatial extension of the cloud
and non-harmonic properties of the confining potential have to be taken into account.
As described by Eq.(3.62) in 3.5.2, the radial optical potential created by a focused
laser beam can be described by Vext(r) = −V0 +

1
2mω2

r r2 − 1
8V0

m2ω4
r r4.

Following [Str05, J.K05], we define the anharmonicity parameter α by

α =
1
2

mω2
r r2

rms/V0. (6.6)

We obtain the root-mean-square radius rrms of the trapped cloud from in-situ mea-
surements of axial profiles [Bar04b], using the relation rrms = 2ω2

z/ω
2
r zrms. In our

experiments α varies between 0.01 and 0.03.
Anharmonicity effects influence the frequency of the radial sloshing ω⊥ and of the

radial compression mode ωc. As we use the normalized frequency ωc/ω⊥, we have to
include corrections on both sloshing and compression mode.

For the sloshing mode in the hydrodynamic regime, one gets according to Eq.(3.64)

ω⊥ = ωr (1 − α) . (6.7)

The calculation of the anharmonicity correction for the compression mode in the hy-
drodynamic regime is more complex. Starting from the differential equations for a
scaling function (see Eq.(3.65)) one gets after some calculations Eq.(3.70) in 3.5.2.
This can be written as

ωc = ωr

√
2γ + 2

(
1 − α

(2 + 5γ)(2 + γ)
(2 + 7γ)(1 + γ)

)
. (6.8)

The normalization of the compression to the sloshing mode frequency already removes
part of the anharmonicity effects and results in

ωc/ω⊥ =
√

2γ + 2

(
1 − α (2+5γ)(2+γ)

(2+7γ)(1+γ)

)
1 − α

. (6.9)

A Taylor expansion with the starting point (2+5γ)(2+γ)
(2+7γ)(1+γ) ≈ 1 simplifies Eq.(6.9) to

ωc/ω⊥ =
√

2γ + 2
/ (

1 + α
(
1 −

(2 + 5γ)(2 + γ)
(2 + 7γ)(1 + γ)

))
. (6.10)

Using Eq.(6.3) and Eq.(6.4) the parameter b can be determined to be

b = 1 −
(2 + 5γ)(2 + γ)
(2 + 7γ)(1 + γ)

. (6.11)

In the strongly interacting BEC regime, γ lies between γ = 1 in the weakly interacting
BEC limit and γ = 2/3 in the unitarity limit. Therefore, b lies between b = 0.167 and
b = 0.280 in the limits of weakly interacting BEC and unitarity, respectively. The total
anharmonicity correction bα stays below 10−2 for all our measurements.
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6.3.3 Other types of corrections

We also checked for two other effects. We found that corrections from the finite length
of the trapped cloud (ωz , 0) remain well below 10−3. Anharmonicity effects resulting
from the non-zero amplitude of the excited oscillations are negligibly small for all
our experiments. This was experimentally checked by exciting oscillations with much
larger amplitude and measuring the resulting small frequency shifts.

6.4 Results

In this section, we will present the experimental results of measurements of the radial
compression mode. According to section 6.2, the cloud is prepared and excited, so
that we can determine the frequencies of sloshing and compression mode. The nor-
malized frequency is corrected for experimental imperfections following the approach
presented in section 6.3.

In 6.4.1, our latest results on precision measurements in the strongly interacting
BEC regime are presented [Alt07]. Some older results [Bar04a] are reinterpreted in
6.4.2 based on improved knowledge of our experimental system [Alt06].

6.4.1 Precision results in the strongly interacting BEC regime

Our measurements on the sloshing and compression modes are summarized in Table
6.1, including the small corrections for ellipticity and anharmonicity. For the data
in the strongly interacting BEC regime (1/kFa & 1) we used the weaker trap with
ω⊥/2π ≈ 290 Hz to minimize unwanted heating by inelastic collisions. Closer to res-
onance (1/kFa . 1) inelastic processes are strongly suppressed, but the increasing
cloud size introduces larger anharmonicity shifts. Here we chose the deeper trap with
ω⊥/2π ≈ 590 Hz. On the BCS side of the resonance we soon observed increased
damping as a precursor of the breakdown of hydrodynamics [Bar04a, Kin04b]. We
thus restricted our measurements to magnetic fields below 850 G to ensure low damp-
ing rates (γ/ω⊥ < 0.01) and superfluid hydrodynamics.

A set of measurements on the sloshing and compression modes (see e.g. Figs. 5.3
and 6.1) at a given magnetic field requires hundreds of experimental cycles and thus
takes a few hours under optimum operation conditions. The data summarized in Table
6.1 were taken over about four weeks. Slow drifts and day-to-day variations some-
what influence our experimental parameters. To minimize uncertainties from these
effects we always took the sloshing mode reference measurement right before or after
the compression mode data. By repeating measurements under identical settings we
found a typical remaining relative uncertainty for the normalized compression mode
frequencies of 5× 10−3, which is about 2-3 times larger than the fit errors of individual
measurements.
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Table 6.1: Experimental data on radial collective modes in the BEC-BCS crossover. The data
in the upper seven (lower eight) rows refer to the sets of measurements taken in the shallower
(deeper) trap with V0 = 1.8µK and EF = 500 nK (V0 = 7.3µK and EF = 800 nK). The values
in parentheses indicate 1σ fit uncertainties of individual measurements. Note that a systematic
scaling uncertainty of ∼4% for 1/kFa results from the uncertainty in the determination of the
atom number N = 2.0(5) × 105.

sloshing compression corr.
B 1/kFa ω⊥/2π ε ωc/2π κ/ω⊥ σε2 bα

(G) (Hz) (Hz) (10−4) (10−4)
727.8 2.21 292.7(5) 0.083(3) 596.3(6) 0.007(2) 48 20
735.1 1.96 298.6(5) 0.091(3) 602.8(8) 0.008(3) 60 26
742.5 1.75 294.5(5) 0.067(3) 593.2(7) 0.005(2) 33 28
749.8 1.55 296.3(4) 0.073(3) 599.0(7) 0.006(2) 38 28
760.9 1.27 296.0(4) 0.088(2) 592.387) 0.009(2) 58 24
771.9 1.03 293.6(7) 0.074(5) 586.2(8) 0.007(3) 41 27
834.1 0 287.5(7) 0.073(5) 519.4(9) 0.014(3) 55 94
752.2 1.07 605.0(9) 0.065(3) 1210.9(12) 0.010(2) 32 13
768.2 0.87 592.5(7) 0.069(2) 1186.6(12) 0.012(2) 36 16
775.6 0.75 590.2(4) 0.060(1) 1170.2(21) 0.007(4) 28 14
782.2 0.64 604.8(9) 0.061(3) 1187.1(16) 0.006(3) 29 16
801.3 0.38 586.8(7) 0.063(2) 1135.2(12) 0.010(2) 33 24
812.3 0.24 586.5(7) 0.058(2) 1106.9(16) 0.014(3) 30 33
834.1 0 596.3(9) 0.070(3) 1089.0(12) 0.010(2) 48 40
849.1 -0.14 583.2(7) 0.052(2) 1046.7(37) 0.007(2) 29 47

In Fig. 6.2 we show our final results on the normalized compression mode fre-
quency in the BEC-BCS crossover. The two theory curves [Ast05] correspond to the
equation of state from mean-field BCS theory (lower curve) and the one from quantum
Monte-Carlo calculations (upper curve). Our data confirm the quantum Monte-Carlo
predictions and rule out the mean-field BCS theory. In the strongly interacting BEC
regime (1/kFa & 1) our data are well above the value of 2. This highlights the presence
of the long-sought beyond-mean-field effects [Lee57b, Lee57a] in collective modes of
a strongly interacting gas [Pit98, Str04].

We also examined the influence of non-zero temperatures onto the compression
mode frequency. At unitarity, a recent experiment [Kin05a] has found small frequency
upshifts with temperature. For a BEC, however, theory [Gio00] predicts temperature-
induced down-shifts, which compete with the up-shifts from beyond-mean-field ef-
fects. We have performed a set of measurements on temperature shifts in the strongly
interacting BEC regime (1/kFa = 0.94). Before exciting the collective oscillation, the
evaporatively cooled gas was kept in the recompressed trap for a variable hold time of
up to 1.5 s. During this time residual heating by inelastic processes slowly increased
the temperature, which we observed as a substantial increase of damping with time.
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Figure 6.2: Normalized compression mode frequency fc versus interaction parameter 1/kFa.
The experimental data include the small corrections for trap ellipticity and anharmonicity and
thus can be directly compared to theory in the limit of an elongated harmonic trap with cylin-
drical symmetry. The open and filled circles refer to the measurements listed in Table 6.1 for
ω⊥/2π ≈ 290 Hz and 590 Hz, respectively. The error bars indicate the typical scatter of the data
points. The triangle shows a zero-temperature extrapolation of the measurements displayed in
Fig. 6.3 with the corresponding fit error. The theory curves refer to mean-field BCS theory
(lower curve) and quantum Monte Carlo calculations (upper curve) and correspond to the data
presented in Ref. [Ast05]. The horizontal dashed lines indicate the values for the BEC limit
( fc = 2) and the unitarity limit ( fc =

√
10/3 = 1.826).

The damping rate κ thus serves us as a very sensitive, but uncalibrated thermometer
[Kin04a, Kin05a]. Fig. 6.3, where we plot the normalized compression mode fre-
quency versus damping rate, clearly shows a temperature-induced down-shift. We note
that previous measurements in the strongly interacting BEC regime [Bar04a, Kin04b]
were performed at relatively large damping rates in the range between 0.05 and 0.1,
where frequency down-shifts are significant. Thus, significant temperature-induced
shifts seem to be present in the previous collective mode experiments. In particular
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for the strongly interacting BEC regime, temperature shifts in our old data on the axial
mode [Bar04a, Bar05a] and data from Duke University on the radial mode [Kin04b]
provide a plausible explanation for these measurements being closer to the predictions
of mean-field BCS theory than the more advanced quantum Monte Carlo results.
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Figure 6.3: Normalized compression mode frequency versus damping rate for 1/kFa = 0.94
(V0 = 7.3µK). The error bars represent 1σ fit uncertainties. The dashed lines indicate the zero-
temperature values predicted by quantum Monte Carlo calculations (upper line) and mean-field
BCS theory (lower line).

6.4.2 Reinterpretation of previous results
Besides the precision measurements in the strongly interacting BEC regime presented
in 6.4.1, the radial compression mode of an optically trapped, ultracold 6Li Fermi gas
in the BEC-BCS crossover regime has already been a focus of study of experimen-
tal work performed at Innsbruck University [Bar04a, Bar05a] and at Duke University
[Kin04a, Kin04b, Kin05a]. Compared with our old measurements in [Bar04a, Bar05a],
the improved experimental setup presented in chapter 4 reaches a level of control which
allows us to identify systematic effects in our measurements. With our new knowledge
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6 Measurements of the compression mode

of the system, we can reinterpret the previous data and resolve the apparent discrep-
ancy between [Bar04a] and the results in [Kin04a, Kin04b] as well as in 6.4.1.

The atoms are trapped by a single focused laser beam resulting in a cigar-shaped
trap geometry. In [Bar04a], we assumed cylindrical symmetry along the z-axis of the
trapping potential, where the trap frequenciesωx andωy in x- and y-direction are equal.
With this assumption we used ωy as the relevant radial trap frequency ωr.

The experimental setup of [Bar04a] was only capable to resolve oscillations in y-
and z-direction. With the new imaging system along the z-axis (see 4.4.2), we now get
full access to the x- and y-directions and are able to determine the two transverse trap-
ping frequencies individually. In contrast to the assumption of cylindrical symmetry in
[Bar04a], we found significant ellipticity of the trap, being characterized by an aspect
ratio ζ = ωx/ωy. For the experimental trap setup of [Bar04a] we found an aspect ratio
of ζ ≈ 0.8. Note that in the setup in 6.4.1 we use an aspect ratio of ζ = 0.94.

To calculate the frequency ωc of the compression mode in the elliptic trap, we start
from the triaxial eigenfrequency equation (3.21) and neglect the weak confinement
in z-direction. This gives the collective mode frequencies ω (compression mode and
surface mode)

ω4 − (2 + γ)(ω2
x + ω

2
y)ω2 + 4(γ + 1)ω2

xω
2
y = 0, (6.12)

where γ is the polytropic interaction index (see equation (3.7). From equation (6.12)
the frequency of the radial compression mode ωc can be calculated [Coz03, Pit03].
This results in(

ωc

ωy

)2

=
1
2

(2 + Γ)
(
1 + ζ2

)
+

√(
1
2

(2 + Γ)
(
1 + ζ2))2

− 4 (Γ + 1) ζ2, (6.13)

where ωc is normalized to ωy, corresponding to the way we presented our data in
[Bar04a].

In Fig. 6.4 the experimental data of [Bar04a] and theoretical data [Ast05] corre-
sponding to a mean-field BCS model (lower curve) and a quantum Monte-Carlo model
(upper curve), both models assuming ζ = 0.8, are shown. The normalized frequency
ωc/ωy is plotted versus the magnetic field in exactly the same way like in [Bar04a].
The same data set is plotted versus the interaction parameter 1/kFa in Fig. 6.5, which
is comparable to the way the data is presented in [Bar05a].

In the BEC limit (γ = 2) the data fit well with the theoretically expected value
of 1.85. In the unitarity regime at resonance (γ = 2

3 ), the experimental data also fit
well if one includes a small anharmonicity shift, which corrects ωc/ωy = 1.62(2) to
ωc/ωy = 1.67(3) [Bar04a]. In the strongly interacting BEC regime the data can be
compared with the theoretical models using equation (6.13). Above resonance, we see
a larger downshift in frequency until a jump to ωc/ωy ≈ 2 happens and the frequency
remains constant.

In the strongly interacting BEC regime, at magnetic fields just below the Feshbach
resonance or 2 > 1/kFa > 0.5, the experimental data points lie between both theoretical
curves. In our latest precision measurements (see subsection 6.4.1), the data clearly
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Figure 6.4: Normalized compression mode frequency ωc/ωy in the BEC-BCS crossover
regime versus magnetic field [Bar04a]. The lower theory curve is based on a mean-field BCS
model and the upper curve on a quantum Monte-Carlo model. Both curves correspond to the
theoretical data presented in [Ast05]. The horizontal dashed lines indicate the values for the
BEC limit (ωc/ωy = 1.851 for ζ = 0.8) and the collisionless limit (ωc/ωy = 2). The vertical
dotted line marks the position of the Feshbach resonance at 834.1G [Bar05b].

support the quantum Monte-Carlo model and they also show a downshift in frequency
for increased temperatures. This is consistent with the data presented in Fig. 6.5, taking
into account the relatively high temperature of the sample. Note that the temperatures
in [Bar04a] are higher than in 6.4.1 as the evaporation ramp was not optimized to
achieve deepest temperatures and the timing sequence was not optimized to minimize
heating.

At magnetic fields above the Feshbach resonance (1/kFa . 0), the data show a
significant downshift compared to the theoretically expected values, which we cannot
explain by the elliptical trap. Also other experiments show a similar trend [Kin04b].
The proximity of the energy corresponding to the collective mode frequency to the
pairing gap [Com04b] and thermal effects may be possible explanations for this down-
shift.

At a magnetic field of about 900G (1/kFa ≈ −0.5), the normalized frequency shows
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6 Measurements of the compression mode

a pronounced jump up to the value of approximately 2, which is expected in a colli-
sionless Fermi gas. For the collisionless oscillation along the y-axis, the ellipticity of
the trap is irrelevant. So the visibility of the jump is clearly enhanced in an elliptic trap,
as the lower frequency side of the jump in an elliptic trap is downshifted compared to
a cylindrically symmetric trap. This jump marks the transition from hydrodynamic to
collisionless behavior. In conclusion, by taking into account the ellipticity of the trap-
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Figure 6.5: Normalized compression mode frequency ωc/ωy in the BEC-BCS crossover
regime versus interaction parameter 1/kFa (right hand side) [Bar04a]. The lower theory curve
is based on a mean-field BCS model and the upper curve on a quantum Monte-Carlo model.
Both curves correspond to the theoretical data presented in [Ast05]. The horizontal dashed
lines indicate the values for the BEC limit (ωc/ωy = 1.851 for ζ = 0.8) and the collisionless
limit (ωc/ωy = 2). The vertical dotted line marks the position of the Feshbach resonance at
834.1G [Bar05b].

ping potential, the results of [Bar04a] now essentially agree with other experimental
results [Kin04a, Kin04b, Alt07] and theoretical predictions [Ast05].
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Chapter 7

Measurements of the quadrupole
surface mode

This chapter describes our experiments with the collective quadrupole surface mode of
an ultracold 6Li gas in the BEC-BCS crossover regime. The frequency and damping of
the surface mode are examined similar to compression mode experiments. An experi-
mental study of the expansion dynamics also enables us to characterize the oscillation
mode in a more detailed way. Our results clearly show a transition from hydrodynamic
to collisionless behavior in the ultracold gas. The effects of trap depth and temperature
on this transition are discussed.

Interactions play an important role in the field of ultracold fermionic quantum gases
[O’H02a, Bou03, Joc03a, Gre03, Zwi03, Bar04b, Reg04, Zwi04, Bou04, Bar04a,
Chi04b, Zwi05, Par05]. This is especially true in the BEC-BCS crossover regime
where the gas possesses a rich variety of different interaction regimes. There are two
important interaction regimes for such gases: The Hydrodynamic and the collisionless
regime. In the hydrodynamic regime, long-range interactions between all particles
in the gas are present, thus enabling macroscopic gas dynamics. In the collisionless
regime, elastic collisions are strongly suppressed due to Pauli blocking.

We can scan through the BEC-BCS crossover by tuning the interactions of
fermionic species by using a Feshbach resonance [Bar04b, Reg04, Zwi04, Bou04,
Bar04a, Chi04b, Zwi05, Par05]. The broad Feshbach resonance at 834.1G in 6Li
[Hou98, Bar05b] is well suited to provide precise control over the interaction prop-
erties.

Collective oscillations of an ultracold gas have been shown to be a convenient and
powerful tool to probe the interaction regime quite early[Jin96, Mew96, Str96]. In
our experiments we realize the limit of an elongated trap with tight confinement along
the radial x- and y-directions and weak confinement along the axial z-direction. In
this trap geometry a pure collective oscillation can be realized by the radial collective
modes.

The radial compression mode of a fermionic 6Li gas in an elongated trap geometry
has been subject to experimental research before [Kin04a, Bar04a, Kin04b, Kin05a,

87



7 Measurements of the quadrupole surface mode

Alt06, Alt07] and is presented in chapter 6 of this thesis. For the compression mode,
a transition in frequency between the hydrodynamic and the collisionless regime has
been detected.

In this chapter, we show experimental data of the radial quadrupole mode of an ul-
tracold 6Li gas in the crossover regime. Unlike the compression mode, the quadrupole
mode is a pure surface mode and independent of the equation of state of the system.
Furthermore, expansion effects of the quadrupole mode can also be used as an addi-
tional tool to detect the transition from hydrodynamic to collisionless behavior. As the
quadrupole mode shows a much larger difference in frequency than the compression
mode (see [Str96] and chapter 3), this mode is even better suited to differ between
hydrodynamic and collisionless behavior.

For the theoretical background of the quadrupole surface mode see section 3.3. In
section 7.1, we will present the experimental setup and procedures we use to excite and
explore the collective oscillations. Then section 7.2 will show the effects of expansion
dynamics and thermalization of the ultracold gas. Finally, in section 7.3 we will present
the results of our measurements.

7.1 Experimental procedure
The apparatus for our experiments is described in chapter 4. As a starting point, we
produce a molecular BEC of 6Li2 dimers (see chapter 5 for details). We can control
the interactions in the vicinity of a Feshbach resonance, which is centered at 834G
[Hou98, Bar05b], by changing an external magnetic bias field. The interactions are
characterized by the atomic s-wave scattering length a.

We start our experiments with an ensemble of about N = 4 × 105 atoms in an
almost pure BEC at a magnetic field of 764 G. In order to vary the properties of the
system adiabatically, we linearly ramp to a magnetic field, where the measurements
are performed [Bar04b]. The temperature of the gas is typically below 0.1 TF, unless
stated otherwise.

In order to observe the collective oscillations, we take absorption images of the
cloud in the x-y-plane after release from the trap. We illuminate the atoms with a probe
beam along the z-direction of the cigar-shaped cloud. The probe light causes a resonant
excitation of the D2-line, at a wavelength of 671nm. We use dichroic mirrors for
combining and separating the probe and the dipole trapping beam. The frequency of
the probe beam can be tuned over a range of more than 1GHz, which enables resonant
imaging over the whole range of magnetic fields that we create in our experiments.

The gas is confined in a nearly harmonic trapping potential, which shows a axi-
ally symmetric, cigar-shaped trap geometry. Optical confinement in radial direction
is created by a focused 1030-nm near-infrared laser beam with a waist of ∼ 58 µm.
The potential in the axial direction consists of a combination of optical and magnetic
confinement; the magnetic confinement is dominant under the conditions of the present
experiments. We set the laser power to 270 mW, which results in a radial trap frequency
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of ωr ≈ 2π×370 Hz and an axial trap frequency of ωz ≈ 2π×22 Hz. This corresponds
to a Fermi energy of a noninteracting cloud EF = ~(ω2

rωz3N)1/3 = kB × 740nK.
The position and shape of our trap in the x-y-plane can be manipulated through the

Figure 7.1: Timing scheme for the excitation of the radial quadrupole mode. The ellipticity of
the trap is slowly ramped up within 100 ms. This results in a change of α in the trap frequencies,
where α characterizes the ellipticity, and sets the initial, normalized deformation ∆W/W0 =

−2α. W0 is defined as the width of the cloud in the trap without excitation. At t = 0, the elliptic
deformation is switched off and the oscillation in the trap begins. (Shown here is an oscillation
in the hydrodynamic regime.) The oscillation continues until the trap is turned off at t = ttrap,
which is usually between 0 and 10 ms. At t = ttrap, the cloud is released from the trap and
expands for the time tTOF, which is typically 2 ms.

use of a two-dimensional scanning system. This system is a versatile tool that allows
to manipulate our optical dipole trap. We can rapidly displace the trap laterally. Fast
modulation of the beam position enables us to create time-averaged potentials for the
trapped particles [Mil01, Fri01]. The scanning system is constructed by use of two
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7 Measurements of the quadrupole surface mode

acousto-optic modulators (AOMs), which are aligned for vertical and horizontal de-
flection. A more detailed description of this scanning system can be found in 4.2.3
in chapter 4. In our trap configuration, we typically use modulation frequencies of
100kHz. We can create an elliptic potential shape by modulating the trap potential
along a specific direction. By choosing a suited modulation function (see 4.2.3), these
elliptic potentials are nearly harmonic.

When we excite the quadrupole mode, we first adiabatically deform the trapping
potential in ∼ 100 ms to an elliptic shape. This slow deformation ensures that the cloud
stays in thermal equilibrium even in the near-collisionless regime and no excitations
occur. We suddenly switch off the deformation leading to an oscillation in the x-y-
plane of the elliptic cloud in the originally round trap.

The initial deformation corresponds to different trap frequencies in horizontal and
vertical direction where ω0x = (1 + α)ωr and ω0y = (1 − α)ωr. The parameter α
determines the amplitude of the emerging oscillation; we choose it for most of our
measurements (unless stated otherwise) to be α ≈ 0.05. We increase α by increasing
the modulation for the time averaged potential along the y-direction. As the modula-
tion decreases the confinement strength of the dipole trap, we simultaneously ramp up
the trap power to ensure that the mean trap frequency ωr =

√
ω0xω0y remains constant.

This avoids excitation of the compression mode.
Fig. 7.1 shows the timing scheme for the excitation of the radial quadrupole mode.

At t = 0, the collective oscillation is excited and the cloud starts oscillating in the
trap for a variable time ttrap. Horizontal and vertical widths of the cloud, Wx and Wy,
oscillate in the trap out of phase with a relative phase shift of π. As an observable,
we choose the difference in widths ∆W = Wx − Wy, which cancels out small effects
of residual compression oscillations. For normalization, we introduce the width W0 of
the cloud in the trap without excitation.

Experimentally, we determine the collective quadrupole oscillations after suddenly
switching off the trap and a subsequent expansion time tTOF. We then take an ab-
sorption image of the cloud and determine its horizontal and vertical widths Wx and
Wy via a two-dimensional Thomas-Fermi profile fit. From these measurements after
expansion, we can determine the in-trap behavior.

Typical data sets of radial quadrupole oscillations are shown in Fig. 7.2. Fig. 7.2(a)
shows an oscillation in the hydrodynamic regime; here we observe a weakly damped
harmonic oscillation at a small constant offset. In Fig. 7.2(b) shows the observed
behavior in the collisionless regime. The frequency of the oscillation is clearly higher
than in the hydrodynamic regime. The oscillation shows stronger damping and has an
exponentially time-varying offset.

We find that, for both regimes, the dependence of ∆W on ttrap can be well described
by a fit function

∆W = A e−κttrap cos (ωqttrap + φ)

+C e−ξttrap + y0,
(7.1)

which is discussed in more detail in section 7.2.
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Figure 7.2: Typical radial quadrupole oscillations in the hydrodynamic and collisionless
regime. The solid lines show fits to our data according to Eq.(7.1). The dashed lines indicate
∆W = 0. The expansion time tTOF is 2 ms. In (a), the oscillation observed in the hydrody-
namic regime in the unitarity limit (B = 834G) is shown. In(b), the oscillations observed in the
collisionless regime (B = 1030G, i.e. 1/kFa ≈ −1.33) are shown.

Note that the frequency ωq and the damping constant κ are independent of the
expansion during tTOF and characterize the behavior of the trapped oscillating atom
cloud (see Section 7.3.1). In contrast, the amplitude A and the phase shift φ depend
on the expansion time and provide further information on the dynamics of the gas.
The offset function C e−ξttrap with amplitude C and damping constant ξ results from
thermalization effects and is only relevant in the collisionless regime (see discussion
in 7.2.4). The constant offset y0 results from a slight inhomogeneity of the magnetic
field, which gives rise to a weak saddle potential. This increases (decreases) the cloud
size in y-direction (x-direction) during expansion.

7.2 Expansion dynamics and thermalization
We introduce a theoretical model to describe the oscillation of the cloud in the trap as
well as its expansion after release from the trap. The interplay between the dynamics
of the collective mode and the expansion behavior are of particular interest as they
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introduce novel methods to determine the collisional regime. This section combines
expansion effects and dynamics of the collective mode in a joint description by means
of a scaling approach. This scaling approach is used for both the hydrodynamic and
the collisionless regime [Bru00, Men02, J.K05]. In 7.2.1 the limit of a hydrodynamic
gas is presented, whereas in 7.2.2 the model in the collisionless limit is discussed.
Based on these models, we show calculated results for the amplitude and the phase
offset after expansion in 7.2.3. A model for the near-collisionless regime, which takes
thermalization effects into account and allows us to derive a more sophisticated fit
function for our data, is presented in subsection 7.2.4.

We use a scaling approach to describe the cloud at the time t after excitation, like
introduced in section 3.1 and [Bru00, Men02, J.K05]. Using the scaling function bi(t)
for i = x, y, the width Wi(t) can be written as

Wi(t) = bi(t)Wi(0), (7.2)

where Wx(0) = (1 − α)W0 and Wy(0) = (1 + α)W0 are the initial widths at excitation.
The initial conditions for the scaling function are bi(0) = 1 and ḃi(0) = 0 (see also
[Bru00]).

7.2.1 Dynamic behavior in the hydrodynamic limit
In the hydrodynamic limit, the equations of hydrodynamics lead to Eq.(3.19), which
delivers the following differential equations for bi in an elongated trap geometry

b̈i =
ω2

0i

bi

(
bxby

)γ − bi ω
2
i , (7.3)

where γ is the polytropic index of the equation of state and i stands for x, y. ω0x andω0y

are the trap frequencies of the maximally elliptic trap at the moment of excitation t = 0,
when the cloud has no further excitation and is in thermal equilibrium. In contrast to
this, ωx(t) and ωy(t) are time dependent. The timing scheme is illustrated in Fig. 7.1.
For 0 < t < ttrap, both trap frequencies are constant at the value of ωr; for t > ttrap, i.e.
after release from the trap, ωx(t) = ωy(t) = 0. The following equation summarizes the
behavior of the trap frequencies ωi(t):

ωi(t) =


ω0i , t = 0
ωr , 0 < t < ttrap

0 , t > ttrap.
(7.4)

This enables us to calculate the scaling functions bx and by as solutions of Eq.(7.3) for
the in-trap oscillation. In the limit of small amplitudes (α � 1) solutions are

bx = 1 + α(1 − cosωqt),
by = 1 − α(1 − cosωqt), (7.5)
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where ωq =
√

2ωr is the radial quadrupole oscillation frequency. Together with
Eq.(7.2), we are able to determine the difference in widths of the cloud to be

∆W = −2αW0 cosωqt. (7.6)

7.2.2 Dynamic behavior in the collisionless limit
Similar to 7.2.1, in the collisionless limit (see also Eq.(3.33)) the following set of
equation characterizes bi, where i stands for x, y,

b̈i =
ω2

0i

b3
i

− ω2
i bi. (7.7)

In the limit of small amplitudes (α � 1) solutions of the in-trap oscillation are

bx = 1 +
α

2
(1 − cosωqt),

by = 1 −
α

2
(1 − cosωqt), (7.8)

where ωq = 2ωr is the radial quadrupole oscillation frequency. Together with Eq.(7.2),
we are able to determine the difference in widths of the cloud to be

∆W = −αW0

(
1 + cosωqt

)
. (7.9)

In contrast to the hydrodynamic limit, the oscillation is initially not centered around
∆W = 0. Furthermore the oscillation has an amplitude 1/2 of the amplitude in the
hydrodynamic gas.

Besides the finding of analytical solutions, it is enlightening to understand the col-
lective oscillations in the collisionless limit by considering the phase space dynamics
of the cloud. In Fig. 7.3, we show the contours of phase space distributions in the x-
and y- directions. The axes are scaled such that for the round trap, i.e. ωx = ωy = ωr,
the dynamics of any point in phase space is a simple circular rotation about the ori-
gin with frequency ωr. Thus, the solid circle in Fig. 7.3 (a) indicates an equilibrium
phase space contour for the round trap. Right after applying the excitation scheme as
described in 7.1, the phase space contours in the x- and y- direction are given by the
dashed and dotted ellipses in Fig. 7.3 (a). Since the gas is fully thermalized at the in-
stant of excitation, the initial momentum distribution in x- and y- direction is the same.
As time progresses, the elliptic contours will rotate with frequency ωr (see Fig. 7.3
(b)), which corresponds to oscillations in the trap. We note that both the spatial and
the momentum distribution in the x-direction are never larger than the ones in the y-
direction. Therefore, ∆W oscillates between 2αW0 and zero and the aspect ratio of
the cloud never inverts. This is to be compared to the hydrodynamic case where ∆W
oscillates between ±2αW0.

Residual thermalization effects in a near collisionless gas will damp out the initial
oscillation amplitude of αW0 and one will eventually end up again with a circular phase
space contour (see Fig. 7.3 (c)). This is studied in detail in subsection 7.2.4.
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Figure 7.3: Phase space dynamics for the quadrupole mode in the collisionless regime. Shown
are phase space contours of an ensemble of particles which is held in a round trap (i.e. ωx =

ωy = ωr). In (a) and (b) the situation during the oscillation in the trap is shown for two different
times t. The solid line indicates the equilibrium phase space contour (without excitation),
whereas the dotted (dashed) line shows the contour in the x (y) direction after excitation of the
oscillation mode. (c) After long times, residual thermalization finally damps out the oscillations
and leads to a circular phase space contour.

7.2.3 Amplitude and phase on expansion

Here we present our calculated results based on the models in 7.2.1 and 7.2.2 for the
hydrodynamic and the collisionless limit, respectively. We show the relative amplitude
that is given by the amplitude A (definition see Eq.(7.1)) divided by the average width
of the cloud after expansion. Calculations of this relative amplitude are shown in
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Figure 7.4: Calculated relative amplitude of a surface mode oscillation versus reduced time
of flight ωrtTOF after release from the trapping potential. The values are calculated for the
hydrodynamic (dashed curve: γ = 1, dotted curve: γ = 2/3) and collisionless regime (solid
curve). The vertical dotted line marks the typical expansion time in our experiments.

Fig. 7.4, whereas calculations and measurements for the phase offset φ are shown in
Fig. 7.5.

Fig. 7.4 shows the calculated relative amplitude of a surface mode oscillation in
the hydrodynamic (dashed and dotted curves) and in the collisionless (solid curve)
regime as function of the reduced expansion timeωrtTOF. The hydrodynamic curves are
calculated for the BEC limit of γ = 1 (upper, dashed curve) and in the unitarity limit of
γ = 2/3 (lower, dotted curve). The amplitude in the collisionless regime is smaller than
in the hydrodynamic regime. Initially the amplitude of the excitation is half as large
in the collisionless as in the hydrodynamic regime, as already explained in subsection
7.2.2. In expansion the normalized amplitude stays constant in the collisionless regime
and in the hydrodynamic regime for γ = 1. For γ = 2/3 in the hydrodynamic regime
it decreases for longer expansion times.

In Fig. 7.5 we compare experimental data for the phase shift φ with numerical
simulations. The data have been taken at unitarity where 1/kFa = 0 (hydrodynamic,
open circles), and on the BCS-side of the resonance at 1/kFa = −1.34 (collisionless,
closed triangles). The dashed line is based on a model for the hydrodynamic interaction
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Figure 7.5: Phase φ of the collective surface mode as detected by fits according to Eq.(7.1)
versus reduced expansion time ωrtTOF at unitarity (open circles) and at 1/kFa = −1.34 (filled
triangles). The lines are numerical simulations for the hydrodynamic (dashed line) and colli-
sionless regime (solid line). The vertical dotted line marks the typical expansion time in our
experiments.

regime and the solid line on a model for the collisionless regime. The data agree with
the theoretical model where no free fit parameters are used. This confirms our approach
presented above.

7.2.4 Thermalization effects in a near-collisionless gas

Here we describe thermalization effects in a near-collisionless gas that are not included
in the model for the collisionless limit in 7.2.2. Despite the word “collisionless” in the
name, collisions play a crucial role for thermalization in this case. A typical time scale
for thermalization processes is only a few oscillation cycles long. By analyzing the
theory, we are able to introduce a universal fit function, as given by Eq.(7.1), which
describes the oscillation both in the hydrodynamic and in the near-collisionless regime.

Even though elastic collisions are suppressed in the collisionless regime, the col-
lision rate is still large enough to provide thermalization of the gas. This allows us to
prepare the gas in thermal equilibrium at the moment of excitation t = 0. During the
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oscillation in the trap as well as during expansion thermalization effects can influence
the gas.

The measured behavior of the nearly collisionless quadrupole oscillation has two
characteristics, see also Fig. 7.2(b): after excitation the oscillation is centered around
∆W = (Wx(0)−Wy(0))/2 whereas after some time it is centered around ∆W = 0. These
two limits are consistent with thermalization of the gas on a time scale greater than the
period of the oscillation.

In order to model these effects, we follow the theory introduced in 3.1.2 for a near-
collisionless gas. We find the differential equations

b̈i(t) = ω2
0i
ϑi

bi
− ω2

i bi(t) (7.10)

and

ϑ̇i(t) =
1
τR

(ϑi − ϑ̄) − 2
ḃi

bi
ϑi(t). (7.11)

The parameter bi is the scaling function described earlier in this section; θi is a scaling
parameter directly related to the temperature and θ̄ = 1

3Σkθk. The initial condition for θi
is θi(0) = 1, as long as the gas is in thermal equilibrium at the moment of the excitation.
The parameter τR is the relaxation time which describes the time scale of collisions. In
the collisionless limit, when τR → ∞, the differential equations (7.10) simplify to the
simple form in Eq. (7.7). For the hydrodynamic limit (τR → 0), we find Eq. (7.3).

The solutions to these equations depend on the parameter τR as can be seen in
Fig. 7.6. Our measured data in the collisionless regime are well described by ωrτR ∼

2.3 (compare to Fig. 7.2).
We find that the model calculations from (7.10) and (7.11) can be well described

with the following fit function

∆W = A e−κttrap cos (ωqttrap + φ)

+C e−ξttrap + y0.
(7.12)

The first term describes the exponentially damped oscillations. The second term de-
scribes the shift of the center of the oscillation in the collisionless regime. The third
term y0 is a constant offset which will be discussed later.

We have used Eq.(7.12) to fit our experimental measurements. We find that the
free fit parameters ξ and κ are related through ξ/κ ≈ 1.5 for all our measurements
in the near-collisionless regime. In the hydrodynamic regime C = 0, and therefore ξ
becomes irrelevant.

The constant offset y0 is due to an experimental artifact that results from a slight
inhomogeneity of the magnetic field. At the location of the atoms the inhomogeneous
magnetic field leads to a weak saddle potential which causes a slight anisotropic ex-
pansion during time of flight. This anisotropy is responsible for a slight offset in ∆W.
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Figure 7.6: Calculated quadrupole oscillations in the near-collisionless regime. The lines show
the relative difference in width ∆W as a function of the reduced time ωrttrap. The oscillation is
modeled according to Eq.(7.10) and (7.11). The dark line shows the result of the calculation
when ωrτR = 2.3 and the grey line shows the oscillation in the collisionless limit at ωrτR =

1000.

7.3 Results
Here we first discuss our measurements of the frequency ωq and the damping rate
κ of the in-trap oscillation (subsection 7.3.1). We then present the data for the phase
offset φ and the amplitude A (subsection 7.3.2). Finally, we explore the hydrodynamic-
to-collisionless transition (subsection 7.3.3). As commonly used in the field of BEC-
BCS crossover physics [Var07], the dimensionless parameter 1/kFa is introduced to
characterize the interaction regime. The parameter kF =

√
2mEF/~ is the Fermi wave

number and m is the mass of an atom.

7.3.1 Frequency and damping
In Fig. 7.7, we show the results for the frequencyωq and the damping rate κ of the radial
quadrupole mode throughout the BEC-BCS crossover. Both ωq and κ are normalized
to the trap frequency ωr, which we determine by a sloshing mode measurement (see
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Figure 7.7: Frequency ωq (upper plot) and damping rate κ (lower plot) of the radial quadrupole
mode. Both quantities are normalized to the radial trap frequency ωr and plotted versus the
interaction parameter 1/kFa. The dashed lines indicate the theoretical predictions in the hydro-
dynamic (ωq/ωr =

√
2) and in the collisionless limit (ωq/ωr = 2). The shaded area marks the

transition from hydrodynamic to collisionless behavior between 1/kFa ≈ −0.72 (B ≈ 930 G)
and 1/kFa ≈ −0.85 (B ≈ 960 G).

section 5.2).

The theoretical normalized frequenciesωq/ωr are calculated for perfectly harmonic
trapping potentials in an idealized symmetric trap geometry. There are small deriva-
tions from this conditions in real experiments. In order to compare the experimental
data to the idealized theoretical case, we have to correct our data. The measured nor-
malized frequency ωq/ωr of the radial quadrupole mode has to be increased because
of two small corrections. The larger correction is based upon a slight anharmonicity
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7 Measurements of the quadrupole surface mode

of the trapping potential and the spatial extension of the cloud in the trap. The smaller
correction is caused by a small residual ellipticity of the trapping potential.

The potential created by our trapping beam has a Gaussian shape. This results in a
nearly harmonic potential in the center of the trap; however, for higher precision one
must take into account higher order terms of the potential. Anharmonicity effects in-
fluence both our measurements of the sloshing mode frequency, where we determine
ωr, and our measurements of the quadrupole mode frequency ωq. As we evaluate the
normalized frequency ωq/ωr, the anharmonicity effects on sloshing and quadrupole
mode almost cancel out each other. The small remaining correction to the normalized
frequency is included by multiplying with a prefactor 1+bσ (see also 3.5.2 and 6.3.2).
The anharmonicity parameter σ relates the energy of the oscillation to the total po-
tential depth and is defined by σ = 1

2mω2
r r2

rms/V0, where rrms is the root-mean-square
radius of the trapped cloud and V0 is the potential depth. The parameter b depends on
the interaction regime. In the hydrodynamic regime, it is given by (4 + 10γ)/(2 + 7γ),
whereas in the collisionless regime b is determined by 6/5 (see 3.5.2). Here, γ is the
polytropic index of the equation of state. In our experiments, typically bσ ≈ 0.014 ,
but bσ can rise to an upper limit of bσ < 0.027.

In the hydrodynamic regime, there is also a correction due to residual ellipticity
effects. This correction takes into account that we compare our measurements with a
theory for non-elliptic geometries. The ellipticity ε of the trap is defined by ε = (ωy −

ωx)/ωr. In our experiments, the ellipticity is small and given by ε ≈ 0.07. Therefore,
we can apply the ellipticity correction by multiplication of a prefactor 1+λε2 (see also
3.5.1 and 6.3.1), where the interaction dependent factor λ is given by (γ + 2)/(4γ).
Altogether, λε2 is smaller than 0.006 for all data points.

The data confirm the expected transition between the hydrodynamic and the colli-
sionless regime on the BCS side of the resonance. The transition is qualitatively dif-
ferent from the hydrodynamic-to-collisionless crossover in a classical gas [Bug05] or
in a Fermi gas without superfluidity [Vic00]. Instead of a continuous and monotonous
variation of the frequency between the two limits (

√
2ωr and 2ωr), an abrupt change

occurs. When this transition is approached from the hydrodynamic side, a striking
frequency downshift shows up as a precursor of the transition to higher frequencies.
In the transition region (shaded area in Fig. 7.7), no data points are shown because
of the large damping and correspondingly very large uncertainties for the measured
frequency.

The damping rate shows similar behavior as in our previous measurements on the
radial compression mode (see [Bar04a] and 6.4.2). Maximum damping occurs near
the hydrodynamic-to-collisionless transition, whereas minimum damping is observed
slightly below the resonance. In general, we find that damping is roughly two times
larger for the quadrupole mode than for the compression mode at the same temperature.
Note that in the present measurements, the temperatures are somewhat higher than in
our compression mode measurements presented in 6.4.1. There are essentially two
reasons for the higher temperatures. First, the atoms stay longer in the recompressed
trap because of the longer excitation scheme of the quadrupole mode. Second, for
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the quadrupole measurements we optimized our evaporative cooling scheme regarding
particle number and not temperature. The faster damping of the quadrupole mode is
plausible in view of the larger frequency change at the transition.

We now discuss the behavior in different regions in more detail:

1/kFa ≈ 0 : In the unitarity limit, the normalized frequency agrees well with the theo-
retically expected value of ωq/ωr =

√
2 for a hydrodynamic gas, see Eq. (3.44).

To check for consistency with previous experiments (see chapter 6), we here also
reproduced the frequency

√
10/3ωr of the radial compression mode on the 10−3

accuracy level. The damping is low for the Fermi gas in the unitarity limit. In
contrast to the compression mode, the quadrupole mode frequency stays con-
stant throughout the crossover, indicating that it is independent of the equation
of state.

1/kFa > 0 : In the strongly interacting BEC regime, there is an increase in the damp-
ing and a slight increase in the frequency for increasing 1/kFa. As the gas is
more susceptible to heating by inelastic processes in the deep molecular regime
[Gri07], both effects may be due to a thermal component in this region.

1/kFa ≈ −0.8 : The frequency exhibits the pronounced “jump” from the hydrody-
namic to the collisionless frequency. This transition is accompanied by a pro-
nounced maximum of the damping rate.

1/kFa . −0.8 : The frequency stays almost constant about 5% above the theoretically
expected value of ωq = 2ωr. Interaction effects in the attractive Fermi gas may
cause this significant upshift, although calculations of mean-field effects [Ped03]
predict mean-field shifts below 1%. As we cannot experimentally realize a non-
interacting Fermi gas above the resonance, we could not perform further exper-
imental checks. The upshift in this regime thus remains an open question.

1/kFa . 0 and 1/kFa & −0.8 : In this regime, we detect a substantial down shift in the
quadrupole mode frequency. The effect begins to show up already slightly above
the resonance (1/kFa = 0) and increases to a magnitude of almost 20% (ωq/ωr ≈

1.15 at 1/kFa = −0.72), before the transition to collisionless behavior occurs.
Indications of a similar down shift have been observed already in compression
mode experiments (compare [Bar04a, Kin04a] and chapter 6), but here the down
shift is considerably larger and not blurred by changes in the equation of state.

A plausible explanation for the curious behavior of the collective mode frequency
on the BCS side of the resonance is provided by coupling of the oscillation to the
pairing gap [Com04b, Chi04b, Gri07]. If we assume that the abrupt transition is caused
by pair breaking resulting from resonant coupling of the oscillation to the gap, then
the down shift may be interpreted as a coupling effect when the gap is not much larger
than the oscillation frequency [Com06, Urb06]. The observed phenomenon still awaits
a full theoretical interpretation.
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7 Measurements of the quadrupole surface mode

7.3.2 Phase shift and amplitude
Additional information on the interaction regime is provided by the phase shift φ and
the amplitude A of the observed oscillation (see Eq.(7.1)). This is useful since ex-
tremely high damping in the transition region makes a meaningful determination of
frequency and damping practically impossible. We find that both amplitude and phase
shift, however, can be determined with reasonable uncertainties even in the transition
regime.
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Figure 7.8: (a) Phase shift φ and (b) relative amplitude of the quadrupole mode versus inter-
action parameter 1/kFa after tTOF = 2ms expansion. The horizontal lines show calculations
from our theoretical model: the solid lines in the collisionless limit, the dotted lines in the
hydrodynamic regime at unitarity (γ = 2/3) and the dashed lines in the hydrodynamic regime
in the BEC limit (γ = 1). These calculated values can be read off from Fig. 7.5 for the phase
and Fig. 7.4 for the amplitude. The shaded area marks the transition between hydrodynamic
and collisionless behavior between 1/kFa ≈ −0.72 and 1/kFa ≈ −0.85 (see also Fig. 7.7).

In the following, we present measurements of phase shift and amplitude. These are
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compared to model calculations, which are described in detail earlier in section 7.2.
In Fig. 7.8, the phase φ and the relative amplitude are plotted versus the interaction

parameter 1/kFa. The relative amplitude is given by the amplitude A (definition see
Eq.(7.1)) divided by the average width of the cloud after expansion. The average width
is obtained by averaging (Wx +Wy)/2 over one oscillation period using the same data
set from which we extract A.

In the transition area around 1/kFa = −0.8, the phase shift φ shows the step-like
change at the transition from the hydrodynamic to the collisionless regime. This is
similar to the jump in frequency in Fig. 7.7. In the collisionless and unitary regimes,
the phase agrees with the theoretically expected values (solid line and dotted line,
respectively).

As a general trend, the relative amplitude is larger in the hydrodynamic and smaller
in the collisionless regime. In the hydrodynamic regime, the relative amplitude de-
creases for decreasing 1/kFa, which is explained by the change of γ from 1 to 2/3; γ
is the polytropic index of the equation of state (see Eq.(3.7)). At unitarity, the relative
amplitude agrees well with the numerically calculated value for γ = 2/3 (dotted line).
In the collisionless limit, the relative amplitude is half of the value at unitarity, which is
also consistent with our calculations in subsection 7.2.3. We note that at the transition
from the hydrodynamic to the collisionless regime, the value of the relative amplitude
decreases even below the collisionless value.

In summary, the behavior of the phase shift and the amplitude agrees with our
model presented in section 7.2 (see also Fig. 7.4 and Fig. 7.5), in particular the promi-
nent change in the phase offset is confirmed.

7.3.3 Further observations

The measurements presented in the preceding subsections were taken under fixed ex-
perimental conditions, where only the scattering length a was varied. In this subsection
we investigate how the transition from hydrodynamic to collisionless behavior depends
on the experimental parameters excitation amplitude, trap depth and temperature.

In a first set of experiments, we explored whether the position of the transition
depends on the excitation amplitude. We increase or decrease the amplitude by a
factor of 2. This allows us to compare the oscillations where the amplitude is ∼ 20 %,
∼ 10 % and ∼ 5 % of the averaged width. We do not observe any significant change in
the position of the transition.

In general, we find that the transition always occurs when the mode frequency is
similar to the pairing gap. This is supported by the fact that when we vary the trap
depth the transition occurs at a constant scattering length (a ≈ −5000a0, B ≈ 960G)
and does not depend on 1/kFa. Due to the increased Fermi wave number kF for the
deeper trap configuration, the transition in terms of the interaction parameter shifts
from 1/kFa ≈ −0.8 to 1/kFa ≈ −0.5. A change in laser power of our trapping laser
influences both Fermi energy EF and the frequency ωq. As we increase the trap power
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7 Measurements of the quadrupole surface mode

by a factor of 10, we also increase the radial trap frequencies by a factor of
√

10 ≈ 3.2.
This changes the Fermi energy by a factor of 2.2 and the pairing gap, which scales like
the trap frequencies, by roughly a factor of 3 [Chi04b]. These findings suggest that the
transition is linked to a coupling of the collective oscillation to the pairing gap. This is
also in agreement with earlier results on the radial compression mode [Bar04a, Gri07].
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Figure 7.9: Oscillations of the quadrupole surface mode at a magnetic field of 920 G and
1/kFa = −0.66. The filled circles correspond to a cold ensemble, whereas the open triangles
correspond to a heated ensemble. The solid lines are fits to the data according to Eq.(7.1).

To explore the temperature dependence of the transition between the hydrodynamic
and the collisionless phase, we use a controlled heating scheme similar to the one de-
scribed in section 5.3, where we hold the gas in a recompressed trap and let it heat
up. We set the magnetic field to 920G (1/kFa = −0.66), i.e. slightly below the
hydrodynamic-to-collisionless transition, where the regime is still clearly hydrody-
namic. We observe the oscillations in a gas at the lowest temperature we can achieve
in our experiments (filled circles) and in a “hotter” gas (open triangles) in Fig. 7.9. The
temperature of the cold gas is . 0.1 TF and we believe the temperature of the heated
gas to be . 0.2 TF. Figure 7.9 clearly shows that the frequency for the colder ensemble
is lower than that of the heated one and the amplitude is lower by roughly a factor of
2. Using our model in section 7.2 this indicates a temperature driven transfer of the
ensemble from the hydrodynamic to the collisionless regime.

In this chapter, we have presented measurements on the radial quadrupole mode of
an ultracold 6Li Fermi gas in the BEC-BCS crossover. As a pure surface excitation, this
elementary mode probes hydrodynamic behavior without being affected by changes in
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the equation of state. We have measured the characteristic properties of this collective
mode in a wide range of interaction strengths.

Our observations provide new insight into the dynamics of the gas, in particular on
the BCS side of the crossover, where the character of the oscillations abruptly changes
from hydrodynamic to collisionless behavior. The measurements presented in this
chapter show the phenomenon much clearer than in the radial compression mode (see
[Bar04a, Kin04a] and 6) and provide quantitative data on the behavior near the transi-
tion. In particular, the data show that a substantial down shift of the collective mode
frequency occurs in the hydrodynamic regime as a precursor of the transition.

The experimental results support the interpretation that the coupling of oscillation
mode and pairing gap [Com04b, Chi04b, Gri07] plays a crucial role for the collective
excitation dynamics on the BCS side of the crossover.
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Chapter 8

Outlook

In the chapters before, we presented results of experiments with different collective
oscillation modes. This chapter gives an outlook on possible future experiments with
our experimental apparatus.

The field of collective oscillations in the BEC-BCS crossover still contains many
possibilities for future research. We present in section 8.1 first results of experiments
with the scissors mode. Further detailed studies of the scissors mode, especially char-
acterizing the temperature dependence of hydrodynamic and collisionless behavior
(see 8.2), are pursued at the time this thesis is written. A next step is to examine rotat-
ing systems, where the scissors mode again can be a useful tool to distinguish normal
and superfluid hydrodynamic behavior (see 8.3).

Furthermore, our apparatus and especially our optical scanning system (see 4.2.3)
enable us to create more elaborate optical potentials. So far, we have only used a
small fraction of the possibilities this system is providing us. The possibilities that are
opened up by the creation of suited optical potentials are described in section 8.4.

8.1 Measurements of the scissors mode

This section describes first results of our measurements of the scissors mode in a non-
rotating system. An exploration of the scissors mode in the BEC-BCS crossover offers
additional insights to the physics in this regime. This collective mode is independent
from the equation of state, unlike the compression mode and similar to the quadrupole
surface mode. Compared to the quadrupole surface mode, the scissors mode shows
a by a factor of ∼ 2 weaker damping. Therefore it is suited to precisely detect the
transition between hydrodynamic and collisionless behavior.

The scanning system presented in 4.2.3 enables us to excite a collective oscillation
of the scissors mode. The experimental details are presented in the following subsec-
tion 8.1.1. First experimental results of the scissors mode in the hydrodynamic and in
the collisionless regime are shown in subsection 8.1.2. These results show a transition
between both regimes, in agreement with the results for the quadrupole surface mode
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(see chapter 7).

8.1.1 Experimental realization

Starting point of our experiments is a molecular BEC (see 5.1). After finishing the
evaporation process we adiabatically recompress our all-optical trap. In this way we
end up with N = 4 × 105 atoms in a cigar-shaped trap with the trap frequencies ωx ≈

ωy ≈ 2π×365 Hz and ωz ≈ 2π×22 Hz. During the same time we magnetically tune the
atomic s-wave scattering length a via a Feshbach resonance (see [Bar05b] and 2.3.1).
So we can reach different interaction strengths in the BEC-BCS crossover.

In order to excite the scissors mode oscillation, we use the possibilities of our
scanning system (see 4.2.3) to modulate the trapping potential. We use a fast mod-
ulation, i.e. with modulation frequencies of 100 kHz, so that the trapped particles
are influenced by the time averaged trapping potential only. We modulate in a way
that the extent of the trapped cloud along one direction is twice as large as the ex-
tent in the perpendicular direction. The main axis of this elliptic cloud is diagonal to
x- and y-direction. This is realized by a modulation with the same amplitude in x-
and y-direction that add up to a total modulation amplitude in diagonal direction. By
increasing the amplitude of the modulation, we change the shape of the cloud from
cylindrically symmetric to elliptic. This increase is done slowly to avoid exciting any
other collective modes. A sudden (within 5µs) change in the ratio of the modulation
amplitudes in x- and y-direction by a factor of 1.2 results in a sudden change of the
angle of the main axis of the ellipse by ∼ 5◦. This sudden change of the angle initiates
the oscillation of the cloud.

Absorption imaging is used for detection. We take the image after an expansion
time of 0.5 ms after release from the trap. We choose this rather short expansion
time to avoid a diminishing of the ellipticity that occurs for longer expansion times.
The absorption images are fitted by a two-dimensional fitting routine, which enables
a precise determination of the angle α of the main axis. The fitting routine uses a
Thomas-Fermi density profile to describe the cloud.

8.1.2 First results

In this section we present our results on the scissors mode in the BEC-BCS crossover
for the lowest temperatures that we can reach in our experiments. We mainly focus
on measurements of the frequency of the mode. The frequency shows a drastically
different behavior in the hydrodynamic than in the collisionless regime. According
to the theoretical derivation in 3.4, the scissors mode in the hydrodynamic regime
oscillates with the frequency ωs =

√
ω2

x + ω
2
y . In contrast to this, one expects in the

collisionless regime a beating of the two oscillation frequencies ωs+ = |ωx + ωy| and
ωs− = |ωx − ωy|.
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Figure 8.1: Overview of the scissors mode at different positions in the BEC-BCS crossover.
Each subfigure shows a raw oscillation of the angle α versus the time in the trap. At 1/kFa =
4.97, the gas is in the collisionless limit and has a characteristic two frequency oscillation. This
is due to inelastic processes that heat the system into a thermal molecular gas. For all 1/kFa
between 4.97 and 0.58, the gas is hydrodynamic and exhibits a single frequency oscillation
with very low damping. At 1/kFa < −0.58, the gas shows collisionless behavior again, as the
limit of a non-interacting Fermi gas is approached.

Fig. 8.1 shows the oscillation data of the angle α at different positions in the BEC-
BCS crossover. We detect three distinct regions. For 1/kFa < −0.6, the cloud is a
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non-interacting Fermi gas, which results in the expected two frequency collisionless
oscillation. For 1/kFa > 5, the gas is heated up due to collisions between atoms and
molecules; the resulting gas is much hotter and is also collisionless. For the region in
between, where −0.6 < 1/kFa < 5, the gas is hydrodynamic and exhibits the charac-
teristic single frequency oscillation.

In the hydrodynamic regime, the scissors mode measurements are consistent with
our previous study of the radial quadrupole mode (see chapter 7). The distinct tran-
sition between hydrodynamic and collisionless behavior occurs at roughly the same
magnetic field as with collective mode studies (see [Alt07, Kin04a] and chapters 6 and
7), sound propagation [Jos06], and vortex measurements [Zwi05].

The transition from a hydrodynamic system to a collisionless gas has been de-
scribed theoretically in [GO99]. Unlike the compression mode experiments, the tran-
sition from hydrodynamic to collisionless for the scissors mode is a qualitative one.
As shown in Fig. 8.1, the oscillation has single frequency behavior in the hydrody-
namic regime and two-frequency character in the collisionless regime. Although the
oscillations have additional frequency terms, a single frequency fit function turns out
to describe well the measurements in the transition regime.

On resonance, we determine the frequency of the scissors mode to be to be ωscis =√
ω2

x + ω
2
y×1.01±0.01. This fully agrees with the theoretical expectation of

√
ω2

x + ω
2
y ,

as shown in Eq.(3.47).
In the collisionless regime, the beating of the two different frequencies is clearly

visible in Fig. 8.1. The frequencies obtained from the data by a two-frequency fit fully
agree with the calculated values for ωs+ and ωs−.

8.2 Temperature dependence of collective modes

A sensible next step in measurements of collective modes is the exploration of the tem-
perature dependence. A temperature induced transition from the hydrodynamic to the
collisionless regime has already been detected with the quadrupole surface mode (see
7.3.3). The transition from hydrodynamic to collisionless behavior of the quadrupole
surface mode is accompanied by a peak in damping, as shown in 7.3.1. A similar
effect is also expected for the scissors mode. With a controlled heating scheme as de-
scribed in section 5.3, we are able to deterministically increase the temperature of the
system. This enables us to map out the transition between the hydrodynamic and the
collisionless regime throughout the BEC-BCS crossover.

The hydrodynamic regime consists of the regime of collisional hydrodynamics and
the regime of superfluidity. Therefore a transition within the hydrodynamic regime
from the superfluid to the non-superfluid phase is possible. A gas that is superfluid at
low temperatures becomes non-superfluid by heating it up above the critical temper-
ature of superfluidity. Similar to the hydrodynamic-to-collisionless transition, a peak
in the damping of the scissors mode could also be an indicator of this superfluid-to-
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collisional transition in the hydrodynamic regime.

8.3 Rotating systems
It remains a challenge to map out the transition between the normal and the superfluid
hydrodynamic phase throughout the whole BEC-BCS crossover. A superfluid gas
is an irrotational system, whereas a gas in the non-superfluid hydrodynamic regime
can show rotational flow. Therefore rotating systems can provide the possibility to
distinguish between both phases. In [Coz03], proposals to distinguish superfluid and
collisional hydrodynamics are presented. Starting point for the proposed experiments
is a cloud in a slowly rotating, elliptically deformed trapping potential, where Ω is the
angular velocity of the slow rotation. Our scanning system enables us to create such a
system. Sudden changes of the system result in collective oscillations of the rotating
system similar to the scissors mode presented in 3.4 and 8.1.

If the elliptic deformation is suddenly switched off, the gas is in a non-equilibrium
state in a axisymmetric trap. This results in an oscillation of the angle α of the princi-
pal axis of the gas. In the superfluid regime, α is described by tan 2α = 2Ω/ωS tanωSt,
where the frequency ωS is defined by ωS =

√
2ω2

r −Ω
2. Here, ωr is the radial trap fre-

quency. In the collisional hydrodynamic regime, there is an additional slow precession
of α, which can be described by Ωt/2.

If the slow rotation is suddenly stopped, the gas first continues rotating, until the
restoring force because of the elliptic confining potential results in a collective oscil-
lation. For a superfluid, this collective mode is identical to the scissors mode in a
non-rotating hydrodynamic gas (see 3.4). The oscillation is described by a single fre-
quency ωscis =

√
ω2

x + ω
2
y , as has been shown in equation (3.47). For a collisional

hydrodynamic gas, the oscillation looks qualitatively different, as it consists of a lin-
ear combination of two modes with different frequencies. The oscillation is given by
α(t) = Ω/ωS sinωSt cosΩt.

8.4 Elaborate optical potentials
The scanning system for our optical trapping potential (see 4.2.3) is capable of cre-
ating a variety of different potential geometries (for more details see [Koh07]) . So
far, we used the scanning system for the excitation of different collective oscillation
modes of the cloud. The creation of more elaborate optical potentials could offer new
experimental prospects for the future.

A challenging aim is the creation of a double well potential. Starting with a molec-
ular BEC in a single well optical potential, a smooth transfer into a double well geom-
etry could be possible, where still a BEC is present. This would allow for interference
experiments after a release of the BEC from the double well potential. The resulting
interference pattern contains valuable information, e.g. about the wavelength of the
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matter waves in the BEC. A study of the transformation of the interference pattern in
the BEC-BCS crossover could provide interesting new results.

Another interesting opportunity would be the creation of a box-like potential. In a
box-like potential, there is a homogeneous density distribution of the trapped particles
in contrast to the heterogeneous density distribution in a harmonic trapping poten-
tial. This opens up new possibilities for the study of RF-spectra similar to the ones
in [Chi04a], as the pairing gap is expected to emerge in a much more pronounced
way for a less inhomogeneous Fermi gas. A higher precision in measurements of the
pairing gap together with more detailed studies on influences on the pairing gap seem
possible.

111



Appendix A

Publications

Pure gas of optically trapped molecules created from fermionic atoms
S. Jochim, M. Bartenstein, A. Altmeyer, G. Hendl, C. Chin, J. Hecker Denschlag, and
R. Grimm
Phys. Rev. Lett. 91, 240402 (2003). cond-mat/0308095

Bose-Einstein condensation of molecules
S. Jochim, M. Bartenstein, A. Altmeyer, G. Hendl, S. Riedl, C. Chin, J. Hecker Den-
schlag, and R. Grimm
Science 302, 2101 (2003); published online 13 Nov 2003 (10.1126/science.1093280)

Crossover from a molecular Bose-Einstein condensate to a degenerate Fermi gas
M. Bartenstein, A. Altmeyer, S. Riedl, S. Jochim, C. Chin, J. Hecker Denschlag, and
R. Grimm
Phys. Rev. Lett. 92, 120401 (2004). cond-mat/0401109

Collective excitations of a degenerate gas at the BEC-BCS crossover
M. Bartenstein, A. Altmeyer, S. Riedl, S. Jochim, C. Chin, J. Hecker Denschlag, and
R. Grimm
Phys. Rev. Lett. 92, 203201 (2004). cond-mat/0403716

Observation of the pairing gap in a strongly interacting Fermi gas
C. Chin, M. Bartenstein, A. Altmeyer, S. Riedl, S. Jochim, J. Hecker Denschlag, and
R. Grimm
Science 305, 1128 (2004); published online 22 July 2004 (10.1126/science.1100818).
cond-mat/0405632

112



Precise determination of 6Li cold collision parameters by radio-frequency spec-
troscopy on weakly bound molecules
M. Bartenstein, A. Altmeyer, S. Riedl, R. Geursen, S. Jochim, C. Chin, J. Hecker Den-
schlag, R. Grimm, A. Simoni, E. Tiesinga, C. J. Williams, P. S. Julienne
Phys. Rev. Lett. 94, 103201 (2005). cond-mat/0408673

Note on ”Collective Excitations of a Degenerate gas at the BEC-BCS Crossover”,
Phys. Rev. Lett. 92, 203201 (2004)
A. Altmeyer, S. Riedl, C. Kohstall, M.J. Wright, J. Hecker Denschlag, R. Grimm
cond-mat/0611285

Precision measurements of collective modes in the BEC-BCS crossover
A. Altmeyer, S. Riedl, C. Kohstall, M. Wright, R. Geursen, M. Bartenstein, C. Chin,
J. Hecker Denschlag, R. Grimm
Phys. Rev. Lett. 98, 040401 (2007), cond-mat/0609390

Dynamics of a strongly interacting Fermi gas: the radial quadrupole mode
A. Altmeyer, S. Riedl, M.J. Wright, C. Kohstall, J. Hecker Denschlag, R. Grimm
submitted for publication, arXiv:0704.3366

113



114



Pure Gas of Optically Trapped Molecules Created from Fermionic Atoms
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We report on the production of a pure sample of up to 3� 105 optically trapped molecules from a
Fermi gas of 6Li atoms. The dimers are formed by three-body recombination near a Feshbach
resonance. For purification, a Stern-Gerlach selection technique is used that efficiently removes all
trapped atoms from the atom-molecule mixture. The behavior of the purified molecular sample shows a
striking dependence on the applied magnetic field. For very weakly bound molecules near the Feshbach
resonance, the gas exhibits a remarkable stability with respect to collisional decay.
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The formation of composite bosons by pairing of fer-
mions is the key to many intriguing phenomena in
physics, with superfluidity and superconductivity being
prominent examples. In ultracold atomic gases, pairs of
fermionic atoms can be combined to form bosonic mole-
cules [1,2] or possibly Cooper pairs [3]. The pairing
changes the properties of the gas, highlighted by the
prospect of a molecular Bose-Einstein condensate or a
Cooper-paired superfluid. The interatomic interactions
play a crucial role for the nature of the pairing process.
The ability to control the interaction via magnetically
tuned Feshbach resonances [4–6] opens up exciting
possibilities for experiments on ultracold fermionic
gases, e.g., exploring superfluidity in different pairing
regimes [7–10].

The formation of molecules near Feshbach resonances
in ultracold gases has been reported for bosons [11–14]
and fermions [1,2]. In the experiments [1,2,11,12], the
molecules coexist with the atoms in a strongly interacting
mixture. A generic feature of a Feshbach resonance is the
existence of a bound molecular state with a magnetic
moment that differs from that of the unbound atom pair.
The binding energy thus depends on the magnetic field,
and a properly chosen field can resonantly couple collid-
ing atoms into the molecular state. The inherent differ-
ence in magnetic moments facilitates a Stern-Gerlach
selection of molecules and atoms. Two recent experiments
[13,14] demonstrate the separation of the molecular from
the atomic cloud in free space.

In this Letter, we report the creation of a pure sample
of up to 3� 105 optically trapped molecules from a
fermionic gas of 6Li atoms. After the production of
an atom-molecule mixture via three-body collisions, a
Stern-Gerlach purification scheme efficiently removes all
trapped atoms, while leaving all molecules trapped. This
allows us to investigate the intriguing behavior of the pure
molecular sample, which strongly depends on the mag-
netic field.

The lithium isotope 6Li is one of the two prime can-
didates in current experiments exploring the physics of
fermionic quantum gases [15–19], the other one being

40K [1,20]. A spin mixture composed of the lowest two
sublevels in the hyperfine manifold of the electronic
ground state is stable against two-body decay and exhibits
wide magnetic tunability of s-wave interactions via a
broad Feshbach resonance at about 850 G [21]. A calcu-
lation of the corresponding scattering length a as a func-
tion of the magnetic field [22] is shown in Fig. 1(a) [23].
The large cross section for elastic scattering near the
resonance can be used for efficient evaporative cooling,
in particular, above the resonance at negative scattering
length where inelastic loss is negligible [16]. In the region
of positive scattering length below the resonance, loss
features have been observed [24]. At large positive a, a
weakly bound molecular level exists with a binding en-
ergy approximately given by 
h=�ma2�, where 
h is Planck’s
constant andm denotes the atomic mass. For the region of
interest, Fig. 1(b) shows this binding energy as calculated
from the scattering length data [25].

The starting point of our experiments is a sample of
2:5� 106 6Li atoms in a standing-wave optical dipole
trap realized with a Nd:YAG laser at a wavelength of
1064 nm [19,26]. The 50-50 spin mixture in the lowest
two spin states is spread over �1500 individual lattice
sites of the standing-wave trap. In the central region of
the trap, a single site contains typically 1800 atoms. The

FIG. 1. (a) Magnetic-field dependence of the s-wave scatter-
ing length a in the 6Li spin mixture. An additional, narrow
Feshbach resonance near 550 G [22] is omitted in the plot.
(b) Binding energy of the weakly bound molecular level in the
region of large positive a.
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axial and radial trap frequencies are 260 kHz and 390 Hz,
respectively. The trap depth is kB � 27 �K with kB denot-
ing Boltzmann’s constant. At a temperature of 2:5 �K,
peak values for the number density and phase-space
density are 3� 1012 cm�3 and 0.04 [27,28], respectively.
The ultracold gas is prepared by forced evaporative cool-
ing after loading the optical trap at an initial depth of
�1 mK with 8� 106 atoms from a magneto-optical trap
(MOT). The evaporation is performed by ramping down
the light intensity in 1 s at a magnetic field of 1200 G. The
evaporation initially proceeds with very high efficiency
similarly to [16,29], but finally loses its efficiency when
the tightly confining lattice potential does not support
more than one or two quantum states.

We form molecules in the weakly bound level at a field
of 690 G, where we find optimum production rates at a
large positive scattering length of a � �1300a0. Here a0

denotes Bohr’s radius. To reach the production field of
690 G, we quickly ramp from the evaporation field of
1200 G down to this value with a speed of �7:5 G=ms.
In contrast to other experiments with fermionic atoms
[1,2], the molecule formation during this ramp is negli-
gible and the molecules are predominantly formed after
the ramp at the fixed production field.

The molecules are detected by dissociating them into
atoms [1,2,13,14] and measuring their fluorescence. For
this purpose, we apply a ramp across the Feshbach reso-
nance to fields of typically 1200 G (speed �6 G=ms).
This brings the weakly bound level above the scattering
continuum and the molecules quickly dissociate. The
dissociation turns out to be insensitive to variations of
the ramp speed and the final field. After the dissociation
ramp, we immediately ramp down to zero magnetic field.
The ramp speed of �12 G=ms is fast enough to avoid
molecule formation when crossing the region of positive
scattering length. After reaching zero magnetic field, we
recapture all atoms into the MOT. Their number is then
determined by measuring the emitted fluorescence inten-
sity using a calibrated photodiode [27]. This measurement
provides the total atom number 2Nmol � Nat, where Nmol

and Nat denote the number of molecules and atoms after
the production phase, respectively. To determine Nat, we
repeat the same measurement without the Feshbach dis-
sociation ramp by immediately ramping down to zero
from the production field. The ramp down to zero mag-
netic field increases the binding energy to a large value of
about kB � 80 mK and the molecules are lost without
leading to any fluorescence light in the MOT. The number
of molecules Nmol is then obtained by taking the differ-
ence in atom numbers measured in two subsequent runs
with and without the dissociating Feshbach ramp.

The creation of molecules from the atomic gas is
demonstrated in Fig. 2 for the optimum production field
of 690 G. The time evolution of the measured numbers
2Nmol � Nat and Nat is shown together with the corre-
sponding number of molecules 2Nmol. We attribute the
molecule formation to three-body recombination into the

weakly bound state [30,31]. Two-body processes cannot
lead to bound dimers as a third particle is required for
energy and momentum conservation. The three-body
molecule formation process can be modeled with the
differential equation _NNmol=Nat � M3hn

2
ati, where hn2

ati de-
notes the mean quadratic density of the atoms. From the
initial molecule formation rate of _NNmol � 3:5� 105 s�1,
we thus derive a three-body formation coefficient of
M3 � 1� 10�25 cm6=s�1 [27]. The maximum number
of 3� 105 molecules is reached after about 1 s. For longer
times, the fraction of atoms forming molecules ap-
proaches a value of �50%.

At the optimum production field of 690 G, the molecu-
lar binding energy amounts to�kB � 18 �K, which is in
between the thermal energy of kB � 2:5 �K and the trap
depth of kB � 27 �K for the atoms. For the molecules,
the trap depth is a factor of 2 higher because of the 2
times larger polarizability. We have verified this fact by
measuring the trap frequencies for atoms and molecules
to be equal within the experimental uncertainty of a few
percent. After a three-body recombination event both the
atom and the molecule remain trapped.We believe that the
recombination heat is cooled away by a evaporation of
atoms out of the trap. Evaporative loss of molecules is
strongly suppressed because of the higher trap depth.

To purify the created molecules we use a Stern-Gerlach
selection technique. We apply a magnetic field gradient
perpendicular to the standing-wave axis. This pulls par-
ticles out of the trap for which the magnetic force is larger
than the trapping force. In order to be able to apply large
enough field gradients, we lower the trap depth to kB �
19 �K while applying the gradient for about 10 ms. Fig-
ure 3 demonstrates such a purification at 568 G. While all
the atoms are lost above B0at � 17 G=cm, the molecules
start getting spilled at 20 G=cm, and are lost completely
above B0mol � 32:5 G=cm. This means that, under suitable
conditions, we can remove all the atoms while keeping
the molecule number constant.

FIG. 2. Formation of molecules at a fixed magnetic field of
690 G. The measured numbers Nat � 2Nmol and Nat are plotted
as a function of time together with the resulting number of
molecules 2Nmol.
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The magnetic moment of the molecules �mol can be
estimated to be �mol � 2�atB0mol=B

0
at, where �at is the

magnetic moment of one free atom. At high magnetic
field, �at equals Bohr’s magneton �B. The inset of
Fig. 3 shows the magnetic moments of the molecules
determined at various magnetic fields. The data agree
well with the magnetic field dependence calculated
from theory (solid curve). We attribute the systematic
deviation to slightly different trap parameters for atoms
and molecules.

Starting with a pure molecular sample, we study its
stability against inelastic molecule-molecule collisions.
Corresponding decay curves are displayed in Fig. 4 for
two different magnetic fields. At 546 G a rapid nonexpo-
nential decay is observed as a clear signature of inelastic
molecule-molecule collisions. From the initial decay rate
we derive a two-body loss coefficient of 5� 10�11 cm3=s
[27]. At 690 G, the observed behavior is strikingly differ-
ent. The molecular sample shows a nearly exponential

decay with a time constant as long as �10 s. As similar
lifetimes are observed for trapped atom samples under
conditions where trapped molecules cannot be created,
the observed molecular lifetime can be fully attributed to
one-body effects such as heating in the optical trap. For a
loss rate coefficient at 690 G our data provide an upper
limit of 3� 10�13 cm3=s [27], which is surprisingly low
for inelastic collisions in a molecular system with many
open exit channels.

The data at 690 G show another interesting collisional
effect. Atoms reappear after purification of the molecular
cloud, see (�) in Fig. 4. For long storage times (�15 s),
an atom-molecule mixture is reestablished with a similar
fraction of molecules as observed in the initial formation
process at the same magnetic field (see Fig. 2). Collisions
producing atoms from molecules are endoergic in nature
as kinetic energy is required to provide the dissocia-
tion energy. The increasing atom fraction does not lead
to any increased loss. This shows that the gas is remark-
ably stable both against molecule-molecule and atom-
molecule collisions.

The dependence of the molecular decay on the mag-
netic field is shown in Fig. 5. Here we store the initially
pure gas of 1:8� 105 molecules at a variable magnetic
field for a fixed holding time of 1 s before we measure
the number of remaining molecules and atoms. A sharp
transition occurs around 650 G. For fields below�600 G,
where the binding energy is relatively large (>kB�
100 �K), the observed decay is very fast and no atoms
are found to reappear. Here inelastic collisions apparently
lead to a rapid vibrational quenching. Furthermore, the
kinetic energy of the molecules cannot provide the neces-
sary energy for collisional dissociation. Consequently, we
do not observe any atoms reappearing.

For fields above�680 G, a completely different behav-
ior is observed. In this regime, no significant loss occurs
in the total number 2Nmol � Nat. However, an increasing
atom fraction is observed as a result of collisional
dissociation of the molecules. Here the binding energy

FIG. 4. Time evolution of an initially pure sample of mole-
cules at 546 G (�) and at 690 G (�). At 690 G, atoms are
observed to reappear (�).

FIG. 5. Remaining number of atoms Nat, Nat � 2Nmol and
2Nmol after a 1-s hold time at variable magnetic field starting
with a pure molecular sample.

FIG. 3. Stern-Gerlach selection by applying a magnetic field
gradient to the trapped atom-molecule mixture at 568 G and a
trap depth of kB � 19 �K. Marked are the two gradients where
all the atoms and all the molecules are lost. The inset shows the
magnetic moment of the molecules estimated from the Stern-
Gerlach selection at different magnetic fields together with the
theoretical calculation.
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approaches the thermal energy and the sample tends
towards a thermal atom-molecule equilibrium. Close to
the Feshbach resonance, where the binding energy be-
comes comparable to thermal energy, the atomic fraction
dominates in the atom-molecule mixture.

In conclusion we have produced an ultracold, pure
molecular gas of 6Li dimers in an optical dipole trap.
Close to the Feshbach resonance, where the molecular
binding energy is small, there is a strong coupling of the
atomic gas and the molecules. Three-body collisions be-
tween atoms form molecules and collisions break up
molecules to produce atoms. Our observations show that
this exchange between atomic and molecular fraction can
be nearly lossless. The long molecular lifetime along with
a large elastic collision rate between the particles opens
up great perspectives for further evaporative cooling of
the molecular gas to Bose-Einstein condensation. Given
the maximum molecule number of 3� 105 and a tem-
perature of about 2:5 �K, we reach a phase-space density
of 0.01, only a factor of 4 lower than our initial atomic
phase-space density. The molecular sample may be fur-
ther cooled to condensation by efficient evaporation. Out
of a mixture of atoms and molecules, mainly atoms will
evaporate because they are more weakly trapped than the
molecules. The gas is cooled further when molecules
break up into atoms since this is an endoergic process.
Once quantum degeneracy is accomplished it will be very
interesting to cross the Feshbach resonance in order to
observe the transition to a strongly interacting superfluid
Fermi gas [7–10].

We thank G. Shlyapnikov for very stimulating discus-
sions and V. Venturi for providing us with theoretical
data on the scattering length and binding energy. We
gratefully acknowledge support by the Austrian Science
Fund (FWF) within SFB 15 (project part 15) and by the
European Union in the frame of the Cold Molecules TMR
Network under Contract No. HPRN-CT-2002-00290.

Note added.—After submission of the present Letter,
molecule formation in 6Li using the narrow Feshbach
resonance at 543 G was reported by Hulet’s group [32].
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Bose-Einstein Condensation
of Molecules

S. Jochim,1 M. Bartenstein,1 A. Altmeyer,1 G. Hendl,1 S. Riedl,1

C. Chin,1 J. Hecker Denschlag,1 R. Grimm1,2*

We report on the Bose-Einstein condensation of more than 105 Li2 molecules
in an optical trap starting from a spin mixture of fermionic lithium atoms.
During forced evaporative cooling, the molecules are formed by three-body
recombination near a Feshbach resonance and finally condense in a long-lived
thermal equilibrium state. We measured the characteristic frequency of a
collective excitation mode and demonstrated the magnetic field–dependent
mean field by controlled condensate spilling.

Since the first experiments on Bose-Einstein
condensation (BEC) in ultracold atomic gases
in 1995 (1–3), atoms of eight chemical ele-
ments have been condensed. BEC of more
complex objects such as molecules or Cooper-
paired atoms will open up many new avenues
of research because they offer new degrees of
freedom. An intriguing example is the funda-
mental change in quantum statistics when
paired fermions form composite bosons. Recent
experiments have demonstrated the formation
of molecules in ultracold atomic gases of
bosons (4–9) and fermions (10–13). Experi-
ments starting with atomic BEC show the cre-
ation of molecular clouds at the threshold to
quantum degeneracy (7) or clearly in that re-
gime (9), but not in a thermal equilibrium state.
In most of these experiments, weakly bound
dimers are produced via magnetically tuned
Feshbach resonances (14). Such a scattering
resonance occurs when a free colliding atom
pair energetically coincides with a bound mo-
lecular state. On the side of the resonance where
the energy of the molecular level is below the
dissociation limit, a weakly bound dimer state
exists. The experiments indicate an important
difference between weakly bound dimers com-
posed of bosonic and of fermionic atoms.
Dimers of bosons show a quick decay via in-
elastic atom-molecule or molecule-molecule
collisions (9), so that quantum-degenerate mo-
lecular clouds can only be created in a transient
regime. In contrast, the dimers of fermions ex-
hibit a remarkable stability (11–13, 15). Such
molecular gases have been observed with life-
times far longer than the time scales for elastic
collisions and thermalization. This fact has been
explained by a fermionic suppression of vibra-
tional quenching in molecule collisions (16).
Their stability allows us to use bosonic mole-

cules composed of fermionic atoms to achieve
molecular BEC in thermal equilibrium.

Our experiment is based on evaporative
cooling of an optically trapped mixture of fer-
mionic 6Li atoms in the two lowest spin states
(11–13, 17–21). During the cooling process, a
large number of bosonic dimers are formed by
three-body recombination and finally condense
into a molecular BEC. The spin mixture exhib-
its a broad Feshbach resonance at a magnetic
field of about 850 G (18, 19, 22, 23), which
leads to a pronounced magnetic field depen-
dence of the scattering length a (Fig. 1) that
characterizes the s-wave interactions. Dimers in
a single weakly bound state can be formed in
the range of large positive a with a binding
energy of �2/(ma2), where � is Planck’s con-
stant h divided by 2� and m is the mass of a 6Li
atom. This has been observed in magnetic
field–dependent loss features (24) and changes
in the interaction energy of the gas (21). Two
recent experiments have directly demonstrated
the presence of these molecules and investigat-
ed some of their properties (12, 13). For nega-
tive scattering length, no weakly bound dimer
state exists. For negative scattering length,
where a weakly bound dimer state does not
exist, the 6Li gas exhibits a remarkable stability
against collisional decay, and deeply degener-
ate Fermi gases have been created (20).

Our optical dipole trap is realized with a
single Gaussian laser beam at a wavelength
of 1030 nm, which is focused to a waist of 23
�m. At the full power of P0 � 10.5 W, the
radial and axial oscillation frequencies are
�r/2� � 14.5 kHz and �z/2� � 140 Hz,
respectively, and the atom trap is U0 � kB �
800 �K deep (kB denotes Boltzmann’s con-
stant). When the power P is reduced to a
relative value p � P/P0, the optical trap
frequencies follow p1/2�i(i � r, z) and the
trap depth for the atoms is Uat � pU0. Our
magnetic field B used for Feshbach tuning
exhibits a curvature that gives rise to an
additional contribution to the trapping poten-
tial. For the tight radial confinement of the
optical trap, this effect is negligibly small.
For the weak axis, however, a magnetic trap-

ping effect becomes important with decreas-
ing p. Taking this into account, the axial trap
frequency is given by �z � 	p�z

2 
 �m
2.

Here �m/2� � 24.5 Hz � 	B/kG is the
magnetic contribution, which is precisely
known for our coils. For weak traps with
p �� 0.03 (Uat/kB �� 25 �K), the magnetic
contribution dominates, and the axial con-
finement is harmonic with a corresponding
frequency known on the percent level. In this
regime, the mean trap frequency is given
by � � (p�r

2�m)1/3. For the weakly bound
6Li dimers, all external forces are twice the
ones on the individual atoms. Thus, the mo-
lecular trap is two times deeper than the atom
trap (Umol � 2Uat), and the trap frequencies
are identical. Gravity is compensated for by a
magnetic field gradient of 1.1 G/cm.

We start the evaporation process with
�1.5 � 106 atoms at a temperature of �80
�K, a peak number density of �1014 cm3,
and a peak phase-space density of �5 �
103. The mean elastic collision rate is as
high as �5 � 104 s1. These excellent start-
ing conditions are obtained by a two-stage
loading process. The atoms are loaded into
the dipole trap from another deep, large-
volume standing wave trap (25), which itself
is loaded from a magneto-optical trap. Forced
evaporative cooling is then performed by re-
ducing the trap power (17, 20). We use a
simple exponential ramp with a relative pow-
er p(t) � exp(t/�), where the time constant
� � 0.23 s is experimentally optimized. A
feedback system allows us to precisely control
the laser power to levels well below p � 104.

BEC of weakly bound molecules occurs
when we perform evaporative cooling at a large
positive scattering length of a � 
3500a0,
where a0 is Bohr’s radius. In this case, the
evaporation process shows a strikingly different
behavior in comparison with the corresponding
situation at large negative scattering length,
where no dimers can be produced.

First we discuss the creation of a degenerate
Fermi gas without the possibility of molecule
formation at a magnetic field of 1176 G, where
a � 3500a0 (23). Here the evaporation pro-

1Institut für Experimentalphysik, Universität Inns-
bruck, Technikerstra�e 25, 6020 Innsbruck, Austria.
2Institut für Quantenoptik und Quanteninformation,
Österreichische Akademie der Wissenschaften, 6020
Innsbruck, Austria.

*To whom correspondence should be addressed. E-
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Fig. 1. Feshbach resonance at �850 G in a
mixture of the two lowest spin states of 6Li
(18). The s-wave scattering length a is plotted
as a function of the magnetic field B.
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ceeds in a very similar way as that described in
(17, 20). The measured atom number N (26)
first follows a scaling law N/N0 � p� (27), with
� � 0.25. In this regime, the temperature of the
gas is typically a factor of 10 below the trap
depth (27), and the elastic collision rate stays
well above 104 s1. The crossover to Fermi
degeneracy, where the thermal energy kBT
reaches the Fermi energy EF � � � (3N)1/3,
takes place at p � 0.05 (Uat/kB � 40 �K). By
further decreasing p, the trap depth Uat � p
decreases faster than the Fermi energy EF �
p1/3. A threshold occurs when EF reaches Uat

and the trap is filled up to the “rim.” Further
decrease of p then leads to a spilling of atoms
out of the trap and thus to a rapid decrease of N
with p. Our data (Fig. 2) clearly show this
spilling effect for p � 1 � 103 (Uat/kB � 800
nK). Modeling the spilling curves provides us
with an upper bound of kBT � 0.2EF for the
temperature in terms of the Fermi energy. In the
regime of a completely filled shallow trap, the
number of atoms in the two-component spin
mixture is given by two times the number of
quantum states in the trap. A numerical calcu-
lation, shown in Fig. 2, confirms this interpre-
tation of our data.

The same evaporation procedure is per-
formed at a magnetic field of 764 G, where the
scattering length a � 
3500a0 (23) has essen-
tially the same magnitude but opposite sign.
Here the weakly bound dimers have a binding
energy of �2 �K, and their formation has been
observed in several experiments (12, 13, 21). In
order to detect the molecules, we dissociate
them and measure the number of resulting at-
oms (26). For this purpose, we abruptly turn on
the full trap power, which strongly heats the
sample and leads to collisional dissociation. In
order to ensure that we dissociate all molecules,
we also apply a magnetic field ramp across the
Feshbach resonance (13). The number of atoms
measured after the dissociation process thus
yields the number of free atoms together with
atoms having formed molecules.

Below p � 1 � 103 the measured atom
numbers (solid circles in Fig. 2) show a strik-
ing difference in comparison with the case of
the degenerate Fermi gas. Down to a power
level of p � 3 � 104 (Umol/kB � 480 nK),
the trap holds almost all particles and con-
tains up to 20 times more atoms than would
be possible for fermions. Hence, the trapped
sample can no longer be an atomic Fermi
gas. The trap is filled with bosonic mole-
cules in the weakly bound state (28). The
lifetime of the molecular ensemble, for
which we measure about 20 s at a fixed trap
depth of Umol/kB � 560 nK, exceeds the
time scale of elastic collisions (�100 �s)
by several orders of magnitude. This
highlights the fact that the molecular
cloud exists in a thermal equilibrium state.

The formation of molecules during the
evaporative cooling process can be understood

in terms of a chemical atom-molecule equilib-
rium (29, 30). Exothermal three-body recombi-
nation processes compete with dissociation by
endothermal two-body processes. When the gas
is cooled down, the equilibrium shifts to an
increasing fraction of molecules. Because at-
om-atom, atom-molecule, and molecule-mole-
cule collisions have comparable cross sections
near the resonance (16), evaporation continues
at about the same speed. In the final stage of
cooling, all relevant energies, such as the ther-
mal energy kBT and the trap depths Uat and
Umol, are far below the binding energy �2/
(ma2), so that in chemical equilibrium one is
left with an essentially pure sample of mole-
cules. The fact that the binding energy of �2
�K at our optimized magnetic field of 764 G is
a few times larger than the final trap depth
(inset, Fig. 1) fits well into this picture.

The observation that a large number of
Nmol � 1.5 � 105 molecules is confined in our
very shallow, only 480 nK deep trap under
thermal equilibrium conditions already shows
that a molecular BEC is formed. The trap offers
about 10 times more quantum states for dimers
as compared to the case of atoms discussed
before (31). Because we observe a factor of
�20 more particles than for the degenerate
atomic Fermi gas, the molecular gas is neces-
sarily quantum degenerate. Because of the high
elastic collision rates, which stay well above
103 s1 even for very shallow traps, the sample
is also thermalized. The temperature then is a
small fraction of the trap depth. According to
standard evaporation theory (27), we can typi-
cally assume T � 0.1 Umol/kB � 50 nK. This is
well below the critical temperature for BEC, for

which we calculate TC � � � kB
1

(Nmol/1.202)1/3 � 280 nK. Because the con-
densate fraction is given by 1  (T/TC)3, these
arguments show that the molecular BEC must
be almost pure.

To investigate the molecular condensate, we
have studied a characteristic collective excita-
tion mode (32, 33). For a cigar-shaped sample
in the Thomas-Fermi limit, well fulfilled in our
experiment, such a quadrupolar mode is expect-
ed at a frequency of 	5/2 �z � 2� � 33.8 Hz.
We perform our measurement at p � 3.5 �
104 (Umol/kB � 560 nK) with a trapped sam-
ple of �105 molecules. We apply a sinusoidal
modulation to the magnetic field with an am-
plitude of 3.5 G to modulate the molecular
scattering length am � a (16) with a relative
amplitude of about 5%. After 2 s of continuous
excitation, we measure the remaining number
of particles in the trap. The resonance manifests
itself in a sharp dip in the number of particles
(Fig. 3). The observed resonance frequency of
33.6 Hz is in remarkable agreement with the
expectation. We point out that a noncondensed
gas deep in the hydrodynamic regime would
show a similar frequency of 33.2 Hz (34), but
thermalization in our shallow trap excludes this
scenario (35). The measured collective excita-
tion frequency rules out a gas in the collision-
less regime, which would show its resonant loss
at 2�z � 2� � 42.8 Hz, and thus again con-
firms the thermalization of the sample. The
observed narrow resonance width of �1 Hz
shows a very low damping rate and is consis-
tent with an almost pure BEC (33, 36).

An essential property of a BEC is its mean
field potential UMF � 4�nam �2/(2m) resulting

Fig. 2. Evaporative
cooling results ob-
tained on both sides
of the Feshbach reso-
nance. We measure
the number of trapped
particles (the number
of all atoms that are
free or bound in long-
range dimers) as a
function of the rela-
tive laser power p at
the end of an expo-
nential evaporation
ramp p(t) � exp(t /
230 ms). The trap
depth for atoms is
Uat/kB � p � 800 �K,
whereas for molecules
it is two times larger
(Umol � 2Uat). The
measurements taken at 1176 G with negative scattering length a � 3500a0 (open circles) show
the spilling of a degenerate Fermi gas when the trap depth reaches the Fermi energy. The solid line
shows the maximum number of trapped atoms in a two-component Fermi gas according to a
numerical calculation of the number of quantum states in our trap. The dashed lines indicate the
corresponding uncertainty range due to the limited knowledge of the experimental parameters. The
measurements at 764 G with positive scattering length a � 
3500a0 (solid circles) exhibit a striking
increase of the trapped particle number at low values of p, which is due to the formation of molecules.
The inset shows the optimum production of molecules in the magnetic field range where a weakly
bound level exists. Here the total number of particles is measured for various magnetic fields at a fixed
final ramp power p � 2.8 � 104 (Umol/kB � 440 nK).
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from s-wave interactions; here n denotes the
molecular density. For our molecular BEC with
large positive am, the mean field is repulsive
and thus stabilizes the BEC against collapse and
decay. In a trap of finite depth, however, the
mean field repulsion limits the maximum num-
ber of trappable molecules. When the chemical
potential � reaches the trap depth, a similar
spilling effect is expected as we see for the
Fermi gas, but for weaker traps. The decrease of
our molecular signal (Fig. 2) below p � 3 �
104 (Umol/kB � 480 nK) may be explained by
such a spilling effect.

We used spilling in a controlled way to
demonstrate the mean field of the molecular
BEC and to investigate its dependence on the
magnetic field. After producing the BEC at a
magnetic field of B1 � 772 G and p � 3.5 �
104 (Umol/kB � 560 nK), we adiabatically tilt
the vertical trapping potential by application of
a magnetic field gradient B� that is smoothly
ramped up within 50 ms. The number of re-
maining particles as a function of the applied
field gradient (Fig. 4) shows the loss of mole-
cules resulting from the reduced trap depth.
When the magnetic field is kept at the evapo-
ration field of B1 � 772 G, where a � 4100a0

(23), even very weak gradients lead to loss
(open circles in Fig. 4). This indicates that the
chemical potential is close to the potential
depth, so that the trap is full. The chemical
potential can be lowered by reducing the scat-
tering length. For this purpose, we ramp the
magnetic field to a smaller value. A spilling
curve taken at B2 � 731 G, where a � 2200a0

(23), indeed shows a markedly different behavior
(solid circles in Fig. 4). Here small gradients do
not lead to any loss and the curve thus shows a flat
top. For gradients  B� exceeding 0.65 G/cm,
molecules get spilled until everything is lost at
 B� � 1.3 G/cm. The sharp onset of the spilling
confirms the essentially pure nature of the BEC.

A comparison of the two spilling curves in
Fig. 4 provides us with information on the ratio
of the scattering lengths am at the two magnetic
fields B1 and B2. In the spilling region above
 B� � 0.65 G/cm, the trap is full in both cases,

and the trapped particle number is inversely
proportional to am. Comparing the two spilling
curves in that region, we obtain a scattering
length ratio of am(B1)/am(B2) � 2.4(2). This
factor is indeed close to the factor of 1.9 (23)
expected from the proportionality of atomic and
molecular scattering lengths am � a (16) and
the dependence of a shown in Fig. 1. This
observation demonstrates the mean field of the
molecular BEC together with its magnetic tun-
ability.

The ability to control interactions in a Bose
condensed ensemble of paired fermionic atoms
has many exciting prospects (37, 38). It opens
up unique ways to cool a fermionic gas far
below the Fermi temperature (39) and to study
different regimes of superfluidity (40–43). The
experimental exploration of the strongly inter-
acting crossover regime between a BEC-like
and a Cooper-paired phase is a particular chal-
lenge and promises more insight into the phys-
ical mechanisms underlying superconductivity.
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Fig. 3. Resonance of a collective excitation
mode at 	5/2 �z. The oscillation is excited by
magnetic modulation of the molecular BEC
mean field. The solid curve shows a Lorentzian
fit to the data.

Fig. 4. Controlled spilling of the BEC by appli-
cation of a magnetic field gradient B�. This
variable gradient is applied in addition to the
constant gradient of 1.1 G/cm that we use for
gravity compensation. The data are taken at
the two different magnetic fields B1 � 772 G
(open circles) and B2 � 731 G (solid circles),
where the mean field of the BEC is different by
a factor of �2.
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Crossover from a Molecular Bose-Einstein Condensate to a Degenerate Fermi Gas
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2Institut für Quantenoptik und Quanteninformation, Österreichische Akademie der Wissenschaften, 6020 Innsbruck, Austria

(Received 8 January 2004; revised manuscript received 2 February 2004; published 23 March 2004)

We demonstrate a reversible conversion of a 6Li2 molecular Bose-Einstein condensate to a degenerate
Fermi gas of atoms by adiabatically crossing a Feshbach resonance. By optical in situ imaging, we
observe a smooth change of the cloud size in the crossover regime. On the Feshbach resonance, the
ensemble is strongly interacting and the measured cloud size is 75�7�% of the one of a noninteracting
zero-temperature Fermi gas. The high condensate fraction of more than 90% and the adiabatic crossover
suggest our Fermi gas to be cold enough to form a superfluid.

DOI: 10.1103/PhysRevLett.92.120401 PACS numbers: 03.75.Mn, 05.30.Fk, 32.80.Pj, 34.50.–s

Bose-Einstein condensation (BEC) of molecules
formed by fermionic atoms was recently demonstrated
[1–4]. The tunability of interactions in such systems
provides a unique possibility to explore the Bose-
Einstein condensate to Bardeen-Cooper-Schrieffer
(BEC-BCS) crossover [5], an intriguing interplay be-
tween the superfluidity of bosons and Cooper pairing of
fermions. While the BEC and BCS limits are both well
understood, the crossover takes place in a strongly inter-
acting regime, which represents a challenge for many-
body theory.

Feshbach resonances [6] play a central role to control
two-body interaction and have been used for conversion
between fermionic atoms and bosonic molecules [7–10].
They are also the experimental key to investigate phe-
nomena related to the BEC-BCS crossover. For example,
it has been predicted in Ref. [11] that a pure molecular
BEC can be converted into a superfluid Fermi gas by an
adiabatic passage over the Feshbach resonance. Moreover,
in the crossover regime where the interactions are unitar-
ity limited, a universal behavior is expected [12,13].
Ultracold gases in that regime may provide new insights
into other strongly interacting systems such as high-Tc
superconductors, 3He superfluids, and neutron stars.

A spin mixture of 6Li atoms in the lowest two hyperfine
sublevels is an excellent system to investigate the cross-
over [14,15] based on a broad Feshbach resonance at a
magnetic field of B � 850 G [16–18]. An efficient forma-
tion of ultracold molecules has been realized by three-
body recombination [10,19], or by sweeping the magnetic
field across the resonance [8]. The long lifetime of the
molecules permits efficient evaporation [1,8,10] and fa-
cilitates slow, adiabatic changes of the system.

In this work, we explore the regime where the BEC-
BCS crossover is expected by analyzing the density pro-
files of the trapped cloud at different magnetic fields. Our
experimental setup is described in Ref. [1]. We load 2�
106 precooled 6Li atoms into a single focused-beam di-
pole trap, which is generated by a 10 W Yb:YAG laser
operating at a wavelength of 1030 nm. We evaporatively

cool the cloud by exponentially lowering the trap depth
with a time constant of 460 ms. The radial and axial
trap frequencies are !r=2� � 110 Hz�P=mW�1=2 and
!z=2� � �600B=kG� 0:94P=mW�1=2 Hz, respectively,
where P is the laser power. The curvature of the magnetic
field that we use for Feshbach tuning results in a magnetic
contribution to the axial trapping. In the low power range
where the molecular BEC is formed (P< 50 mW), the
axial confinement is predominantly magnetic. During the
whole evaporation process, the magnetic field is kept at
B � 764 G. At this field the molecular binding energy is
�kB � 2 K, where kB is Boltzmann’s constant. For the
scattering length of elastic molecule-molecule collisions,
we expect amol � 2200a0, based on the predicted relation
of amol � 0:6a [20] and an atomic scattering length of
a � 3500a0 [17]. Here a0 is Bohr’s radius. Using radio-
frequency spectroscopy which allows us to distinguish
signals from atoms and molecules [7], we observe a
complete atom to molecule conversion when the thermal
energy of the particles is reduced to values well below the
molecular binding energy.

For detection we apply in situ absorption imaging to
record spatial density profiles of the trapped ensemble. To
image at high magnetic fields, we illuminate the cloud
for 20 s with a probe beam (intensity 0:5 mW=cm2)
tuned to the atomic j2S1=2; mJ � �1=2; mI � 0i !
j2P3=2; m0J � �3=2; m0I � 0i transition. The probe beam
dissociates the molecules and is used to image the result-
ing atom cloud [3]. Compared to the absorption imaging
of unbound atoms, we found that the detection efficiency
of the molecules approaches 100% at fields higher than
750 G and �50% at 650 G. The difference is due to the
Franck-Condon wave function overlap, which favors
fields closer to the resonance where the interatomic sepa-
ration in the molecular state is larger. In our cigar-shaped
trap, the radial cloud size is on the order of our imaging
resolution of 10 m, while the axial cloud size of typi-
cally�100 m can be accurately measured. We therefore
obtain axial density distributions from images integrated
radially.
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To measure the condensate fraction, we adiabatically
reduce the magnetic field from 764 to 676 G in a 200-ms
linear ramp after completion of the evaporation ramp.
This reduces the scattering length amol and thus increases
the visibility of the characteristic bimodal distribution.
Figure 1(a) shows a bimodal profile observed in this way
with Nmol � N=2 � 4� 105 molecules remaining at a
final evaporation ramp power of 28 mW. A Gaussian fit
to the thermal wings (dashed line) yields a temperature of
T � 430 nK, which is a factor of 7.5 below the calculated
trap depth of 3:2 K. The observed condensate fraction
of �20% is consistent with 1� �T=Tc�3, where Tc �
0:8k�1

B �h �!!�Nmol=1:202�1=3 � 500 nK is the critical tem-
perature, �!! � �!2

r!z�
1=3 is the mean vibration frequency,

and the factor of 0.8 takes into account the �20% down-
shift in Tc due to interactions [21].

We obtain pure molecular condensates when we con-
tinue the evaporation process down to final power levels of
a few mW. Figure 1(b) shows an essentially pure con-
densate of Nmol � 2:0� 105 molecules obtained at a
final power of 3.8 mW, where the trap depth is 450 nK.
The density profile is well fit by a Thomas-Fermi density
distribution / �1� z2=z2

TF�
2 with a radius zTF � 105 m.

The corresponding peak molecular density is 1:2�
1013 cm�3. In the image a thermal component is not
discernable. A careful analysis of the profile provides
us with a lower bound of 90% for the condensate frac-
tion. For the chemical potential of the BEC, we obtain
 � 1

2mmol!2
zz2

TF � kB � 130 nK. Here mmol � 2m is the
mass of the 6Li dimer. Based on the prediction amol �
0:6a � 650a0, the calculated chemical potential of
1
2 �15 �h2Nmol �!!3amol

����������

mmol
p

�2=5 � kB � 155 nK is consistent

with the observed value of kB � 130 nK considering the
experimental uncertainty. In particular, the particle num-
ber is calibrated to within a factor of 1.5 through fluores-
cence imaging [10].

The pure molecular BEC at 764 G serves as our starting
point for exploring the crossover to the degenerate Fermi
gas. Before we change the magnetic field, we first adia-
batically increase the trap power from 3.8 to 35 mW in a
200-ms exponential ramp. The higher power provides a
trap depth of �kB � 2 K for the atoms, which is
roughly a factor of 2 above the Fermi energy, and avoids
spilling of the Fermi gas produced at magnetic fields
above the resonance [1]. The compression increases the
peak density of the condensate by a factor of 2.5. All
further experiments reported here are performed in the
recompressed trap with !r=2� � 640 Hz and !z=2� �
�600B=kG� 32�1=2 Hz.

We measure the lifetime of the BEC in the compressed
trap at 764 G to be 40 s. The peak molecular density is
estimated to be nmol � �15=8���!r=!z�

2Nmol=z
3
TF �

1:0�5� � 1013 cm�3. This provides an upper bound for
the binary loss coefficient of 1� 10�14 cm3=s, and is
consistent with previous measurements in thermal mo-
lecular gases [8,10] together with the predicted scattering
length scaling [20] and the factor-of-2 suppression of
binary collision loss in a condensate.

For exploring the crossover to a Fermi gas we apply
slow magnetic-field ramps. To ensure their adiabaticity,
we performed several test experiments. In one series of
measurements we ramped up the field from 764 to 882 G
and back to 764 G with variable ramp speed. This con-
verts the molecular BEC into a strongly interacting Fermi
gas and vice versa. Therefore substantial changes are
expected in the cloud size. After the up-and-down
ramp, we observe an axial oscillation of the ensemble at
the quadrupolar excitation frequency [1,22]. This collec-
tive oscillation is the lowest excitation mode of the sys-
tem and is thus sensitive to nonadiabaticity effects. We
observe axial oscillations with relative amplitudes of >
5% for ramp speeds above 1:2 G=ms. For ramp speeds of
0:6 G=ms and lower, the axial oscillation was no longer
visible.

We also checked the reversibility of the crossover pro-
cess by linearly ramping up the magnetic field from 764
to 1176 G and down again to 764 G within 2 s (ramp speed
of �0:41 G=ms). In Fig. 2, we compare the axial profile
taken after this ramp (�) with the corresponding profile
obtained after 2 s at fixed magnetic field (�). The com-
parison does not show any significant deviation. This
highlights that the conversion into a Fermi gas and its
back-conversion into a molecular BEC are lossless and
proceed without noticeable increase of the entropy.

To investigate the spatial profile of the trapped gas in
different regimes, we start with the molecular BEC at
764 G and change the magnetic field in 1-s linear ramps to
final values between 740 and 1440 G. Images are then
taken at the final ramp field. To characterize the size of
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FIG. 1. Axial density profiles of a partially condensed (a) and
fully condensed (b) molecular cloud. The profiles are derived
from averaging seven in situ images taken at a magnetic field of
B � 676 G after evaporation at the production field of 764 G.
(a) When the evaporation ramp is stopped with 4� 105 mole-
cules at a final laser power of 28 mW, a characteristic bimodal
distribution is observed with a condensate fraction of �20%.
The dashed curve shows Gaussian fit to the thermal fraction.
(b) At a final laser power of 3.8 mW, an essentially pure
condensate of 2� 105 molecules is obtained.
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the trapped gas, we determine the root-mean-squared
axial size zrms. This rms size is related to the axial radius
zTF by zrms � zTF=

���

7
p

in the case of a pure BEC in the
Thomas-Fermi limit and by zrms � zTF=

���

8
p

in the cases of
zero-temperature noninteracting or strongly interacting
Fermi gases [23].

Figure 3(b) shows how the measured axial size zrms

changes with the magnetic field. For comparison, Fig. 3(a)
displays the magnetic-field dependence of the atomic
scattering length a. Up to 950 G, an increase in zrms is
due to the crossover from the molecular BEC to the
degenerate Fermi gas. For higher magnetic fields, the
axial cloud size of the Fermi gas shrinks with B as
the axial magnetic confinement increases (!z /

����

B
p

).
For the following discussions, we normalize the ob-

served size to the one expected for a noninteracting Fermi
gas. In particular, this removes the explicit trap depen-
dence. In Fig. 3(c), we show the normalized axial size
� � zrms=z0, where z0 � �EF=4m!2

z�
1=2 is the rms axial

size of a noninteracting zero-temperature Fermi gas with
N � 4� 105 atoms. The Fermi energy EF � �h2k2

F=2m �
�h �!!�3N�1=3 amounts to kB � 1:1 K at 850 G, and the
Fermi wave number kF corresponds to a length scale of
k�1
F � 3600a0.

Below the Feshbach resonance, the observed depen-
dence of the cloud size agrees well with the mean-field
behavior of a BEC in the Thomas-Fermi limit. In
this regime, the normalized size is given by � �
0:688�amol=a�

1=5�EF=Eb�
1=10, where Eb � �h2=ma2 is the

molecular binding energy. Figure 3(c) shows the corre-
sponding curve (solid line) calculated with amol=a � 0:6
[20]. This BEC limit provides a reasonable approxima-
tion up to �800 G; here the molecular gas interaction
parameter is nmola

3
mol � 0:08. Alternatively, the interac-

tion strength can be expressed as kFa � 1:9.

The crossover to the Fermi gas is observed in the
vicinity of the Feshbach resonance between 800 and
950 G; here � smoothly increases with the magnetic field
until it levels off at 950 G, where the interaction strength
is characterized by kFa � �1:9. Our results suggest
that the crossover occurs within the range of �0:5 &

�kFa�
�1 & 0:5, which corresponds to the strongly inter-

acting regime. The smoothness of the crossover is further
illustrated in Fig. 4. Here the spatial profiles near the
resonance show the gradually increasing cloud size with-
out any noticeable new features.

On resonance a universal regime is realized [12–14],
where scattering is fully governed by unitarity and the
scattering length drops out of the description. Here the
normalized cloud size can be written as � � �1� ��1=4,
where � parametrizes the mean-field contribution to the
chemical potential in terms of the local Fermi energy
[14]. At 850 G our measured value of � � 0:75� 0:07
provides � � �0:68�0:13

�0:10. Here the total error range in-
cludes all statistic and systematic uncertainties with the
particle number giving the dominant contribution. Note
that the uncertainty in the Feshbach resonance position is
not included in the errors [18]. Our experimental results
reveal a stronger interaction effect than previous mea-
surements that yielded � � �0:26�7� at T � 0:15TF [14]
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FIG. 3. Axial cloud size measurements across the Feshbach
resonance. In (a) the atomic scattering length a is shown
according to [17]; the resonance at 850 G is marked by the
vertical dashed line. The data in (b) display the measured rms
cloud sizes. In (c), the same data are plotted after normaliza-
tion to a noninteracting Fermi gas. The solid line shows the
expectation from BEC mean-field theory with amol � 0:6a. In
(b) and (c), the error bars show the statistical error of the size
measurements from typically five individual images.
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FIG. 2. Axial profile of a molecular BEC at 764 G (�) after
its conversion into a Fermi gas at 1176 G and subsequent back
conversion. Two 1-s magnetic field ramps are applied in this
reversible process. For reference we show the corresponding
profile observed without the magnetic field ramp (�). The
density profiles are obtained by averaging over 50 images.
The difference shown in the lower graph is consistent with
the drifts of a residual interference pattern in the images.
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and � � �0:3 at T � 0:6TF [15]. Our value of � lies
within the range of the theoretical predictions for a zero-
temperature Fermi gas: �0:67 [12,24], �0:43 [24], and,
in particular, �0:56�1� from a recent quantum Monte
Carlo calculation [25].

Beyond the Feshbach resonance, in the Fermi gas re-
gime above 950 G, we observe an essentially constant
normalized cloud size of � � 0:83� 0:07. In this regime,
the interaction parameter kFa is calculated to vary be-
tween �2 (at 950 G) and �0:8 (at 1440 G), which allows
us to estimate � to vary between 0.90 and 0.95 based on
the interaction energy calculations in Ref. [12]. Our ob-
served values are somewhat below this expectation,
which requires further investigation.

In summary, we have demonstrated the smooth cross-
over from a molecular condensate of 6Li dimers to an
atomic Fermi gas. Since the conversion is adiabatic and
reversible, the temperature of the Fermi gas can be esti-
mated from the conservation of entropy [11]. Our high
condensate fraction of > 90% suggests a very small en-
tropy which in the Fermi gas limit corresponds to an
extremely low temperature of kBT < 0:04EF. In this sce-
nario, superfluidity can be expected to extend from the
molecular BEC regime into the strongly interacting
Fermi gas regime above the Feshbach resonance where
kFa & �0:8. Our experiment thus opens up intriguing
possibilities to study atomic Cooper pairing and super-
fluidity in resonant quantum gases.
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We study collective excitation modes of a fermionic gas of 6Li atoms in the BEC-BCS crossover
regime. While measurements of the axial compression mode in the cigar-shaped trap close to a
Feshbach resonance confirm theoretical expectations, the radial compression mode shows surprising
features. In the strongly interacting molecular BEC regime, we observe a negative frequency shift with
increasing coupling strength. In the regime of a strongly interacting Fermi gas, an abrupt change in the
collective excitation frequency occurs, which may be a signature for a transition from a superfluid to a
collisionless phase.

DOI: 10.1103/PhysRevLett.92.203201 PACS numbers: 34.50.–s, 05.30.Fk, 32.80.Pj, 39.25.+k

The crossover from a Bose-Einstein condensate (BEC)
to a Bardeen-Cooper-Schrieffer (BCS) superfluid has for
decades attracted considerable attention in many-body
theory [1]. Bose-Einstein condensates of molecules
formed by fermionic atoms of 6Li and 40K [2–5] provide
a unique system to experimentally explore this BEC-BCS
crossover. In such ultracold gases magnetically tuned
scattering resonances, known as Feshbach resonances,
allow one to control and vary the interaction strength
over a very broad range. Recent experiments have entered
the crossover regime and yield results on the interaction
strength by measuring the cloud size [6] and expansion
energy [5]. Moreover, two experiments [7,8] have dem-
onstrated the condensed nature of fermionic atom pairs in
the crossover regime.

Important questions are related to superfluidity in the
crossover regime [9].When a molecular BEC is converted
into an ultracold Fermi gas [6], one can expect ultralow
temperatures and superfluidity to extend far into the
Fermi gas regime [10]. Detection tools to probe super-
fluidity in this regime are therefore requested. The inves-
tigation of collective excitation modes [11] is well
established as a powerful method to gain insight into
the physical behavior of ultracold quantum gases in dif-
ferent regimes of Bose [12] and Fermi gases [13]. A
recent paper [14] points out an interesting dependence
of the collective frequencies in the BEC-BCS crossover of
a superfluid Fermi gas. Superfluidity implies a hydrody-
namic behavior which can cause substantial changes in
the excitation spectrum and in general very low damping
rates. However, in the crossover regime the strong inter-
action between the particles also results in hydrodynamic
behavior in the normal, nonsuperfluid phase. Therefore
the interpretation of collective modes in the BEC-BCS
crossover in terms of superfluidity is not straightforward
and needs careful investigation to identify the different
regimes.

In this Letter, we report on measurements of funda-
mental collective excitation modes in the BEC-BCS
crossover for various coupling strengths in the low-

temperature limit. In Ref. [2], we have already presented
a first measurement of the collective excitation of a mo-
lecular BEC in the limit of strong coupling. As described
previously [2,6], we work with a spin mixture of 6Li
atoms in the two lowest internal states. For exploring
different interaction regimes, we use a broad Feshbach
resonance, the position of which we determined to
837(5) G [15]. The different interaction regimes can be
characterized by the coupling parameter 1=�kFa�, where
a represents the atom-atom scattering length and kF is the
Fermi wave number. Well below the Feshbach resonance
(B< 700 G), we can realize the molecular BEC regime
with 1=�kFa� � 1. On resonance, we obtain the unitarity-
limited regime of a universal fermionic quantum gas with
1=�kFa� � 0 [16]. An interacting Fermi gas of atoms is
realized beyond the resonance where 1=�kFa�< 0.

The starting point of our experiments is a cigar-shaped
molecular BEC produced by evaporative cooling in an
optical dipole trap in the same way as described in
Ref. [6]. Radially the sample is confined by a 35-mW
laser beam (wavelength 1030 nm) focused to a waist
of 25 �m. The radial vibration frequency is !r � 2
�
750 Hz. The axial vibration frequency is !z�2
�
�601B=kG�11�1=2 Hz, where the predominant contribu-
tion stems from magnetic confinement caused by the
curvature of the Feshbach tuning field B, and a very small
additional contribution arises from the weak axial optical
trapping force.

For exploring collective excitations in the BEC-BCS
crossover regime, we ramp the magnetic field from the
evaporation field of 764 G, where the molecular BEC is
formed, to fields between 676 and 1250 G within 1 s. In
previous work [6], we have shown that the conversion to
an atomic Fermi gas proceeds in an adiabatic and re-
versible way, i.e., without increase of entropy. From the
condensate fraction in the BEC limit, for which we
measure more than 90% [6], we can give upper bounds
for the temperature in both the BEC limit and the non-
interacting Fermi gas limit of T < 0:46TBEC and T <
0:03TF [10], respectively. Here TBEC (TF) denotes the
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critical temperature (Fermi temperature). With a total
number of atoms N � 4� 105 (free atoms and atoms
bound to molecules) and a geometrically averaged trap
frequency at 837 G of �!!��!2

r!z�
1=3�2
�230 Hz, we

calculate a Fermi energy EF � �h2k2
F=2m � �h �!!�3N�1=3 �

kB � 1:2 �K for a noninteracting cloud, where m is the
mass of an atom and kB is Boltzmann’s constant.

To excite the axial compression mode at a given mag-
netic field, we increase the optical confinement in a 10-ms
time interval by a factor of 1.5. The laser power is varied
slow enough for the radial motion to follow adiabatically,
but fast enough to induce axial oscillations. The relative
amplitude of the resulting axial oscillation is kept small,
typically �10%. We observe the oscillation by in situ
imaging of the cloud [6] after a variable hold time t at
constant trap parameters. To determine the collective
oscillation frequency �z and the damping rate �z, we fit
a damped harmonic oscillation z�t�� z0�Azexp�	�zt��
sin��zt��z� to the observed time evolution of the cloud
size, where z0, Az, and �z are additional fit parameters.

The measured oscillation frequencies and damping
rates are shown in Fig. 1. The data are normalized to
the axial trap frequency !z, as determined by excitation
of the axial sloshing mode. We point out that the axial
confinement is harmonic because of the dominant mag-
netic trapping, and we can measure !z with a 10	3

precision. In the BEC limit, the measured collective fre-

quencies are in agreement with the expected �z=!z �
��������

5=2
p

� 1:581 [11,17]. With increasing magnetic field,
we observe a decrease in the collective excitation fre-
quency until a minimum is reached at about 900 G, i.e.,
in the regime of a strongly interacting Fermi gas where
1=�kFa� � 	0:5. With further increasing magnetic field
and decreasing interaction strength, we then observe a
gradual increase of the collective frequency toward
�z=!z � 2. The latter value is expected for a collision-
less degenerate Fermi gas, where the elastic collision rate
is strongly reduced by Pauli blocking. Because of the
large damping rates in the transition regime between
hydrodynamic and collisionless behavior, the excitation
frequencies cannot be determined with high accuracy.
The observed axial damping is consistent with a gradual
transition between these two regimes [18].

The insets of Fig. 1 show a zoom-in of the data for the
resonance region between 750 and 900 G. The collective
frequency that we measure on resonance exhibits the
small 2% down-shift expected for the unitarity limit
(�z=!z �

�����������

12=5
p

� 1:549) [14]. For the damping rate,
we observe a clear minimum at a magnetic field of
815(10) G, which is close to the resonance position. It is
interesting to note that this damping minimum coincides
with the recent observation of a maximum fraction of
condensed fermionic atom pairs in Ref. [18]. For the
minimum damping rate, we obtain the very low value
of �z=!z � 0:0015, which corresponds to a 1=e damping
time of �5 s.

To excite the radial compression mode, we reduce the
optical confinement for 50 �s, which is short compared
with the radial oscillation period of 1.3 ms. In this short
interval the cloud slightly expands radially, and then
begins to oscillate when the trap is switched back to the
initial laser power. The relative oscillation amplitude is
�10%. To detect the radial oscillation, we turn off the
trapping laser after various delay times t and measure the
radial size r�t� after 1.5 ms of expansion. The measured
radial size r�t� reflects the oscillating release energy.
From the corresponding experimental data, we extract
the excitation frequency �r and damping �r by fitting
the radial cloud size to r�t�� r0�Arexp�	�rt�sin��rt�
�r�, where r0, Ar, and �r are additional fit parameters.
Typical radial oscillation curves are shown in Fig. 2.

The magnetic-field dependence of the radial excitation
frequency �r and the damping rate �r is shown in Fig. 3.
Here we normalize the data to the trap frequency !r,
which we obtain by measuring the radial sloshing mode
at the given magnetic field [19]. This normalization sup-
presses anharmonicity effects in the measured compres-
sion mode frequency to below 3% [21]. For low magnetic
fields, the measured frequency ratio approaches the BEC
limit [11,22] (�r=!r � 2). With increasing magnetic
field, i.e., increasing interaction strength, we observe a
large down-shift of the frequency. On resonance (B �
837 G), we observe �r=!r � 1:62�2�. Above resonance,
i.e., with the gas entering the strongly interacting Fermi

FIG. 1 (color online). Measured frequency �z and damping
rate �z of the axial compression mode, normalized to the trap
frequency !z. In the upper graph, the dashed lines indicate
the BEC limit of �z=!z �

��������

5=2
p

and the collisionless Fermi
gas limit with �z=!z � 2. The insets show the data in the
resonance region. Here the vertical dotted line indicates the
resonance position at 837(5) G. The star marks the theoreti-
cal prediction of �z=!z �

�����������

12=5
p

in the unitarity limit. In
the lower inset, the dotted line is a third-order polynomial fit
to the data.
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gas regime, the oscillation frequency further decreases
until a maximum shift of almost 30% [�r=!r � 1:42�5�]
is reached at B � 890 G . With further increasing mag-
netic field, i.e., decreasing interaction strength, an abrupt
change to �r=!r � 2 is observed. For B > 920 G our
data are consistent with a Fermi gas in the collisionless
regime. The damping of the radial compression mode is
small in the BEC limit and reaches a minimum close to
the unitarity regime. At B � 910 G, where the abrupt
change occurs, we observe very strong damping (see
also middle trace in Fig. 2).

We have performed further experiments to check our
data on the radial compression mode for systematic ef-
fects. We have repeated the measurements after recom-
pressing the trap to 9 times higher trap laser power

(!r � 2:4 kHz). The corresponding data confirm all our
observations in the shallower trap. In particular, the
negative frequency shift and the sudden change in the
collective frequency show up in essentially the same
way. The recompressed trap also allows us to eliminate
a small residual anharmonicity shift from our measure-
ment of the collective frequency at 837 G, and we obtain
�r=!r � 1:67�3� for the harmonic trap limit. We have
also checked that the frequency of the compression mode
in the resonance region does not depend on the way we
prepare the ultracold gas. Direct evaporation at a fixed
magnetic field, without starting from a molecular BEC,
leads to the same collective frequency. Preliminary mea-
surements at higher temperatures, however, show a trend
towards smaller frequency shifts in the radial compres-
sion mode and to smoother changes of the collective
frequency.

Our measurements on the radial compression mode
show three surprises. The corresponding features, which
we discuss in the following, cannot be explained on the
basis of available theoretical models and suggest new
physics in the BEC-BCS crossover regime.

Surprise one.—For a strongly interacting BEC,
Ref. [23] has predicted up-shifts of the collective fre-
quencies with increasing coupling strength based on be-
yond mean-field theory corrections [24]. Applying these
predictions to a molecular BEC in the crossover regime,
the collective excitation frequencies should follow
��i=�i � ci

������������

nma3
m

p

(i � z; r), where nm is the peak mo-
lecular number density and am � 0:6a [25] is the
molecule-molecule scattering length. For our highly elon-
gated trap geometry, the numerical factors are cr �
5cz � 0:727. In contrast to these expectations, we observe
a strong frequency down-shift in the radial direction.
Using the above formula to fit the first four data points,
we obtain a negative coefficient of cr � 	1:2�3�. For the
axial oscillation we obtain cz � 	0:04�5�. Note that a
substantial down-shift in radial direction is observed
even at the low magnetic field of 676 G where the mo-
lecular gas parameter is relatively small (nma3

m � 0:001).
Apparently, the beyond mean-field theory of a BEC is not
adequate to describe the transition from a molecular BEC
to a strongly interacting gas in the BEC-BCS crossover.

Surprise two.—The universal character of the strongly
interacting quantum gas on resonance suggests a simple
equation of state for which one expects �z=!z �
�����������

12=5
p

� 1:549 and �r=!r �
�����������

10=3
p

� 1:826 for the
collective excitation frequencies [14].While our measure-
ments confirm the predicted axial frequency, we obtain a
different frequency in the radial direction of �r=!r �
1:67�3�.

Surprise three.—The abrupt change of the excitation
frequency and the large damping rate are not expected in
a normal degenerate Fermi gas, where the collective ex-
citation frequency is expected to vary smoothly from the
hydrodynamic regime to the collisionless one. Further-
more, for the damping rate of the radial mode in the

FIG. 3 (color online). Measured frequency �r and damping
rate �r of the radial compression mode, normalized to the trap
frequency (sloshing mode frequency) !r. In the upper graph,
the dashed line indicates �r=!r � 2, which corresponds to
both the BEC limit and the collisionless Fermi gas limit. The
vertical dotted line marks the resonance position at 837�5� G.
The star indicates the theoretical expectation of �r=!r �
�����������

10=3
p

in the unitarity limit. A striking change in the excitation
frequency occurs at �910 G (arrow) and is accompanied by
anomalously strong damping.

FIG. 2 (color online). Oscillations of the radial compression
mode at different magnetic fields in the strongly interacting
Fermi gas regime. The solid lines show fits by damped har-
monic oscillations.
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transition regime, a maximum value of �r=!r � 0:09 is
calculated in Ref. [18]. Our measured damping rate of
�r=!r � 0:5 is clearly inconsistent with this prediction
for the normal (nonsuperfluid) hydrodynamic regime.
However, both the sudden change of the collective fre-
quency and a strong damping are expected for a transition
from the superfluid to the normal phase [26].

In conclusion, our experiments demonstrate that the
collective modes of a degenerate gas in the BEC-BCS
crossover region show a pronounced dependence on the
coupling strength and thus provide valuable information
on the physical behavior of the system. For the axial
compression mode, the frequency shift observed in the
unitarity limit confirms theoretical expectations. How-
ever, the radial compression mode reveals a surprising
behavior. In the strongly interacting BEC regime, the
observed frequency shifts have an opposite sign as com-
pared to expectations from beyond mean-field theory and
the frequency shift on resonance is even larger than
expected. The most striking feature is an abrupt change
of the radial collective frequency in the regime of a
strongly attractive Fermi gas where 1=�kFa� � 	0:5.
The transition is accompanied by very strong damping.
The observation supports an interpretation in terms of a
transition from a hydrodynamic to a collisionless phase.
A superfluid scenario for the hydrodynamic case seems
plausible in view of current theories on resonance super-
fluidity [9] and the very low temperatures provided by the
molecular BEC [10]. A definite answer, however, to the
sensitive question of superfluidity requires further careful
investigations, e.g., on the temperature dependence of the
phase transition.

We warmly thank S. Stringari for stimulating this work
and for many useful discussions. We also thank W. Zwer-
ger and M. Baranov for very useful discussions. We ac-
knowledge support by the Austrian Science Fund (FWF)
within SFB 15 (project part 15) and by the European
Union in the frame of the Cold Molecules TMR Network
under Contract No. HPRN-CT-2002-00290. C. C. thanks
the FWF for financial support.

Note added.—A recent paper by John Thomas’ group
[27] reports on measurements of the radial compression
mode in the resonance region, which show much weaker
frequency shifts than we observe. This apparent discrep-
ancy needs further investigation.
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Observation of the Pairing Gap in
a Strongly Interacting Fermi Gas
C. Chin,1 M. Bartenstein,1 A. Altmeyer,1 S. Riedl,1 S. Jochim,1

J. Hecker Denschlag,1 R. Grimm1,2*

We studied fermionic pairing in an ultracold two-component gas of 6Li atoms
by observing an energy gap in the radio-frequency excitation spectra. With
control of the two-body interactions through a Feshbach resonance, we dem-
onstrated the dependence of the pairing gap on coupling strength, temperature,
and Fermi energy. The appearance of an energy gap with moderate evaporative
cooling suggests that our full evaporation brought the strongly interacting
system deep into a superfluid state.

The spectroscopic observation of a pairing gap
in the 1950s marked an important experimental
breakthrough in research on superconductivity
(1). The gap measurements provided a key to
investigating the paired nature of the particles
responsible for the frictionless current in metals
at very low temperatures. The ground-breaking
Bardeen-Cooper-Schrieffer (BCS) theory, de-
veloped at about the same time, showed that
two electrons in the degenerate Fermi sea can
be coupled by an effectively attractive interac-
tion and will form a delocalized, composite
particle with bosonic character. BCS theory
predicted that the gap in the low-temperature
limit is proportional to the critical temperature
Tc for the phase transition, in agreement with
the experimental measurements. In general, the
physics of superconductivity and superfluidity
go far beyond the weak-coupling limit of BCS
theory. In the limit of strong coupling, paired
fermions form localized bosons, and the system
can undergo Bose-Einstein condensation
(BEC). The BCS limit and the BEC limit are
connected by a smooth BCS-BEC crossover,
which has been a subject of great theoretical
interest for more than three decades (2–5). The
formation of pairs generally represents a key
ingredient of superfluidity in fermionic sys-

tems, and the gap energy is a central quantity to
characterize the pairing regime.

The rapid progress in experiments with
ultracold degenerate Fermi gases (6) has
opened up a unique testing ground to study
phenomena related to pairing and superfluid-
ity at densities typically a billion times below
the ones in usual condensed-matter systems.
In cold-atom experiments, magnetically
tuned scattering resonances (Feshbach reso-
nances) serve as a powerful tool to control the
two-body coupling strength in the gas (7). On
the basis of such a resonance, a strongly
interacting degenerate Fermi gas was recently
realized (8). A major breakthrough then fol-
lowed, with the creation of Bose-Einstein
condensates of molecular dimers composed
of fermionic atoms (9–13), which corre-
sponds to the realization of a BEC-type su-
perfluid in the strong coupling limit. By vari-
ation of the coupling strength, subsequent
experiments (12, 14–18) began to explore the
crossover to a BCS-type system. This BEC-
BCS crossover is closely linked to the pre-
dicted “resonance superfluidity” (19–22) and
a “universal” behavior of a Fermi gas with
resonant interactions (23, 24 ). The observa-
tion of the condensation of atom pairs (15,
16 ) and measurements of collective oscilla-
tions (17, 18) support the expected superflu-
idity at presently attainable temperatures in
Fermi gases with resonant interactions.

We prepared our ultracold gas of fermionic
6Li atoms in a balanced spin-mixture of the two
lowest sub-states |1� and |2� of the electronic 1s2

2s ground state, employing methods of laser

cooling and trapping and subsequent evapora-
tive cooling (9). A magnetic field B in the range
between 650 to 950 G was applied for Feshbach
tuning through a broad resonance centered at
the field B0 � 830 G. In this high-field range,
the three lowest atomic levels form a triplet of
states |1�, |2�, and |3�, essentially differing by
the orientation of the nuclear spin (mI � 1, 0,
�1, where mI is the nuclear magnetic quantum
number). In the resonance region with B � B0,
the s-wave scattering length a for collisions
between atoms in states |1� and |2� is positive.
Here, two-body physics supports a weakly
bound molecular state with a binding energy
Eb � �2/(ma2), where � is Planck’s constant h
divided by 2� and m is the atomic mass. Mol-
ecules formed in this state can undergo BEC
(9–13). At B � B0, the two-body interaction is
resonant (a3�	), corresponding to a vanish-
ing binding energy of the molecular state. Be-
yond the resonance (B 
 B0), the scattering
length is negative (a � 0), which leads to an
effective attraction. Here, two-body physics
does not support a weakly bound molecular
level, and pairing can only occur because of
many-body effects.

Our experimental approach (9, 14 ) facili-
tated preparation of the quantum gas in var-
ious regimes with controlled temperature,
Fermi energy, and interaction strength. We
performed evaporative cooling under condi-
tions (25) in which an essentially pure mo-
lecular Bose-Einstein condensate containing
N � 4 � 105 paired atoms could be created as
a starting point for the experiments. The final
laser power of the evaporation ramp allowed
us to vary the temperature T. The Fermi
energy EF (Fermi temperature TF � EF/kB,
with Boltzmann’s constant kB) was controlled
by a recompression of the gas, which we
performed by increasing the trap laser power
after the cooling process (25 ). We then varied
the interaction strength by slowly changing
the magnetic field to the desired final value.
The adiabatic changes applied to the gas after
evaporative cooling proceeded with con-
served entropy (14 ). Lacking a reliable meth-
od to determine the temperature T of a deeply
degenerate, strongly interacting Fermi gas in
a direct way, we characterized the system by
the temperature T� measured after an isen-
tropic conversion into the BEC limit (25). For
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a deeply degenerate Fermi gas, the true tem-
perature T is substantially below our observ-
able T� (25, 26 ), but a general theory for this
relation is not yet available.

Radio-frequency (RF) spectroscopy has
been introduced as a powerful tool to study
interaction effects in ultracold Fermi gases (27–
29). Molecular binding energies have been
measured for 40K atoms (29), for which the
potential of the method to observe fermionic
pairing gap energies has also been pointed out.
RF spectroscopy has been applied to 6Li atoms
to study interaction effects up to magnetic fields
of 750 G (28). One important observation was
the absence of mean-field shifts in the strongly
interacting regime. This effect can be attributed
to the fact that, in the relevant magnetic-field
range, all s-wave scattering processes between
6Li atoms in the states |1�, |2�, and |3� are
simultaneously unitarity-limited. This property
of 6Li is very favorable for RF spectroscopy
because it suppresses shifts and broadening by
mean-field effects.

We drove RF transitions from state |2� to the
empty state |3� at �80 MHz and monitored the
loss of atoms in state |2� after weak excitation
by a 1-s RF pulse, using state-selective absorp-
tion imaging (14). Our experiment was opti-
mized to obtain a resolution of �100 Hz, cor-
responding to an intrinsic sensitivity to interac-
tion effects on the scale of �5 nK, which is
more than two orders of magnitude below the
typical Fermi temperatures.

We recorded RF spectra for different de-
grees of cooling and in various coupling re-
gimes (Fig. 1). We realized the molecular re-
gime at B � 720 G (a � �120 nm). For the
resonance region, we examined two different
magnetic fields, because the precise resonance
location B0 is not exactly known. Our two
values B � 822 G (16) and 837 G (13, 18) may
be considered as lower and upper bounds for
B0. We also studied the regime beyond the
resonance with a large negative scattering
length at B � 875 G (a � �600 nm). Spectra
taken in a “hot” thermal sample at T � 6TF

(where TF � 15 �K) show the narrow atomic
|2�3 |3� transition line (Fig. 1, top) and serve
as a frequency reference. We present our spec-
tra as a function of the RF offset with respect to
the bare atomic transition frequency.

Spectral signatures of pairing have been
theoretically considered (30–34 ). A clear
signature of the pairing process is the emer-
gence of a double-peak structure in the
spectral response as a result of the coexist-
ence of unpaired and paired atoms. The
pair-related peak is located at a higher fre-
quency than the unpaired-atoms signal, be-
cause energy is required for pair breaking.
For understanding of the spectra, both the
homogeneous line shape of the pair signal
(31, 33) and the inhomogeneous line broad-
ening due to the density distribution in the
harmonic trap need to be taken into account

(34 ). As an effect of inhomogeneity, fer-
mionic pairing due to many-body effects
takes place predominantly in the central
high-density region of the trap, and un-
paired atoms mostly populate the outer re-
gion of the trap where the density is low
(34–36 ). The spectral component corre-
sponding to the pairs thus shows a large
inhomogeneous broadening in addition to
the homogeneous width of the pair-break-
ing signal. For the unpaired atoms, the
homogeneous line is narrow and the effects
of inhomogeneity and mean-field shifts are
negligible. These arguments explain why
the RF spectra in general show a relatively
sharp peak for the unpaired atoms together
with a broader peak attributed to the pairs.

We observed clear double-peak structures
already at T�/TF � 0.5, which we obtained
with moderate evaporative cooling down to a
laser power of P � 200 mW (Fig. 1, middle,
TF � 3.4 �K). In the molecular regime B �
720 G, the sharp atomic peak was well sep-
arated from the broad dissociation signal
(29), which showed a molecular binding en-
ergy of Eb � h � 130 kHz � kB � 6.2 �K.
For B 3 B0, the peaks began to overlap. In
the resonance region [822 G and 837 G (Fig.
1)], we still observed a relatively narrow
atomic peak at the original position together
with a pair signal. For magnetic fields beyond
the resonance, we could resolve the double-
peak structure for fields up to �900 G.

For T�/TF � 0.2, realized with a deep
evaporative cooling ramp down to an optical

trap power of P � 3.8 mW, we observed the
disappearance of the narrow atomic peak in
the RF spectra (Fig. 1, bottom, TF � 1.2 �K).
This shows that essentially all atoms were
paired. In the BEC limit (720 G), the disso-
ciation line shape is identical to the one
observed in the trap at higher temperature and
Fermi energy. Here the localized pairs are
molecules with a size much smaller than the
mean interparticle spacing, and the dissocia-
tion signal is independent of the density. In
the resonance region [822 G and 837 G (Fig.
1)], the pairing signal shows a clear depen-
dence on density (Fermi energy), which be-
comes even more pronounced beyond the
resonance (875 G). We attribute this to the
fact that the size of the pairs becomes com-
parable to or larger than the interparticle
spacing. In addition, the narrow width of the
pair signal in this regime (Fig. 1, bottom, B �
875 G) indicates a pair localization in mo-
mentum space to well below the Fermi mo-
mentum �kF � �2mEF and thus a pair size
exceeding the interparticle spacing.

To quantitatively investigate the crossover
from the two-body molecular regime to the
fermionic many-body regime, we measured the
pairing energy in a range between 720 and 905
G. The measurements were performed after
deep evaporative cooling (T �/TF � 0.2) for two
different Fermi temperatures, TF � 1.2 �K and
TF � 3.6 �K (Fig. 2). As an effective pairing
gap, we defined �� as the frequency difference
between the pair-signal maximum and the bare
atomic resonance. In the BEC limit, the effec-

Fig. 1. RF spectra for various magnetic fields and different degrees of evaporative cooling. The RF
offset (kB � 1 �K � h � 20.8 kHz) is given relative to the atomic transition |2� 3 |3�.
The molecular limit is realized for B � 720 G (first column). The resonance regime is studied for
B � 822 G and B � 837 G (second and third columns). The data at 875 G (fourth column) explore
the crossover on the BCS side. Top row, signals of unpaired atoms at T� � 6TF (TF � 15 �K); middle
row, signals for a mixture of unpaired and paired atoms at T� � 0.5TF (TF � 3.4 �K); bottom row,
signals for paired atoms at T� � 0.2TF (TF � 1.2 �K). The true temperature T of the atomic Fermi
gas is below the temperature T�, which we measured in the BEC limit. The solid lines are introduced
to guide the eye.
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tive pairing gap �� simply reflects the molec-
ular binding energy Eb (Fig. 2, solid line) (25).
With an increasing magnetic field, in the BEC-
BCS crossover, �� shows an increasing devia-
tion from this low-density molecular limit and
smoothly evolves into a density-dependent
many-body regime where h�� � EF.

A comparison of the pairing energies at the
two different Fermi energies (Fig. 2, inset) pro-
vides further insight into the nature of the pairs.
In the BEC limit, �� is solely determined by Eb

and thus does not depend on EF. In the universal
regime on resonance, EF is the only energy scale,
and we indeed observed the effective pairing gap
�� to increase linearly with the Fermi energy.
We found a corresponding relation h�� � 0.2
EF. Beyond the resonance, where the system is
expected to change from a resonant to a BCS-
type behavior, �� was found to depend more
strongly on the Fermi energy and the observed
gap ratio further increased. We interpret this in
terms of the increasing BCS character of pairing,
for which an exponential dependence h�� /EF �
exp(��/2kF�a�) is expected.

In a further series of measurements (Fig.
3), we applied a controlled heating method to
study the temperature dependence of the gap
in a way that allowed us to keep all other
parameters constant. After production of a
pure molecular Bose-Einstein condensate (T�
� 0.2TF) in the usual way, we adiabatically
changed the conditions to B � 837 G and
TF � 1.2 �K. We then increased the trap
laser power by a factor of nine (TF increased
to 2.5 �K), using exponential ramps of dif-
ferent durations. For fast ramps, this recom-
pression was nonadiabatic and increased the
entropy. By variation of the ramp time, we
explored a range from our lowest tempera-
tures up to T�/TF � 0.8. The emergence of the
gap with decreasing temperature is clearly
visible in the RF spectra (Fig. 3). The marked
increase of �� for decreasing temperature is

in good agreement with theoretical expecta-
tions for the pairing gap energy (5 ).

The conditions of our experiment were
theoretically analyzed for the case of resonant
two-body interaction (34 ). The calculated RF
spectra are in agreement with our experimen-
tal results and demonstrate how a double-
peak structure emerges as the gas is cooled
below T/TF � 0.5 and how the atomic peak
disappears with further decreasing tempera-
ture. In particular, the work clarifies the role
of the “pseudo-gap” regime (5, 22), in which
pairs are formed before superfluidity is
reached. According to the calculated spectra,
the atomic peak disappears at temperatures
well below the critical temperature for the
phase-transition to a superfluid. A recent the-
oretical study of the BCS-BEC crossover at
finite temperature (36 ) predicted the phase-
transition to a superfluid to occur at a tem-
perature that on resonance is only �30%
below the point where pair formation sets in.

We have observed fermionic pairing already
after moderate evaporative cooling. With much
deeper cooling applied, the unpaired atom sig-
nal disappeared from our spectra. This obser-
vation shows that pairing takes place even in
the outer region of the trapped gas where the
density and the local Fermi energy are low. Our
results thus strongly suggest that a resonance
superfluid is formed in the central region of the
trap (34). Together with the observations of res-
onance condensation of fermionic pairs (15, 16)
and weak damping of collective excitations (17,

18), our observation of the pairing gap provides a
strong case for superfluidity in experiments on
resonantly interacting Fermi gases.
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published online 22 July 2004 (10.1126/science.1100782).
35. A. Bulgac, in preparation (available at http://

arxiv.org/abs/cond-mat/0309358).
36. A. Perali, P. Pieri, L. Pisani, G. C. Strinati, Phys. Rev.

Lett. 92, 220404 (2004).
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Fig. 2. Measurements of the effective pairing
gap �� as a function of the magnetic field B
for deep evaporative cooling and two differ-
ent Fermi temperatures, TF � 1.2 �K (solid
symbols) and 3.6 �K (open symbols). The
solid line shows �� for the low-density limit,
where it is essentially given by the molecular
binding energy (25 ). Inset: The ratio of the
effective pairing gaps measured at the two
different Fermi energies.

Fig. 3. RF spectra measured at B � 837 G and
TF � 2.5 �K for different temperatures T� adjust-
ed by controlled heating. The solid lines are fits
to guide the eye, using a Lorentzian curve for the
atom peak and a Gaussian curve for the pair
signal. The vertical dotted line marks the atomic
transition, and the arrows indicate the effective
pairing gap ��.
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Precise Determination of 6Li Cold Collision Parameters by Radio-Frequency Spectroscopy
on Weakly Bound Molecules
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We employ radio-frequency spectroscopy on weakly bound 6Li2 molecules to precisely determine the
molecular binding energies and the energy splittings between molecular states for different magnetic
fields. These measurements allow us to extract the interaction parameters of ultracold 6Li atoms based on
a multichannel quantum scattering model. We determine the singlet and triplet scattering lengths to be
as � 45:167�8�a0 and at � �2140�18�a0 (1a0 � 0:052 917 7 nm), and the positions of the broad
Feshbach resonances in the energetically lowest three s-wave scattering channels to be 83.41(15),
69.04(5), and 81.12(10) mT.

DOI: 10.1103/PhysRevLett.94.103201 PACS numbers: 34.50.–s, 05.30.Jp, 32.80.Pj, 67.40.Hf

Molecular level structure near a collision threshold
uniquely determines the scattering properties of ultracold
atoms. When a molecular state is tuned near the scattering
threshold, the atomic scattering amplitude can be reso-
nantly altered. Magnetically tuned Feshbach resonances
[1] in ultracold fermionic gases have recently led to
ground-breaking observations, including the condensation
of molecules [2–6] and the studies of the crossover physics
from a molecular Bose-Einstein condensate (BEC) to
atomic Cooper pairs in the Bardeen-Cooper-Schrieffer
state (BEC-BCS crossover) [5,7,8]. These studies are of
general importance in physics as the ultracold Fermi gas
provides a unique model system for other strongly inter-
acting fermionic systems [9].

In spin mixtures of 6Li atoms, a broad Feshbach reso-
nance in the energetically lowest s-wave channel [10]
allows for precise interaction tuning. This, together with
the extraordinary stability of the system against inelastic
decay [2,11], makes 6Li the prime candidate for BEC-BCS
crossover studies. A precise knowledge of the magnetic-
field dependent scattering properties is crucial for a quan-
titative comparison of the experimental results with cross-
over theories. Of particular importance is the precise value
of the magnetic field where the s-wave scattering diverges.
At this unique point, the strongly interacting fermionic
quantum gas is expected to exhibit universal properties
[12]. Previous experiments explored the 6Li resonance by
measuring inelastic decay [13], elastic collisions [14,15],
and the interaction energy [16], but could locate the exact
resonance point only to within a range between 80 and
85 mT.

An ultracold gas of weakly bound molecules is an ex-
cellent starting point to explore the molecular energy
structure near threshold [17]. An improved knowledge on
the exact 6Li resonance position was recently obtained in

an experiment that observed the controlled dissociation of
weakly bound 6Li2 molecules induced by magnetic-field
ramps [18]. These measurements provided a lower bound
of 82.2 mT for the resonance position. Studies of system-
atic effects suggested an upper bound of 83.4 mT. Within
this uncertainty range, however, we observe the physical
behavior of the ultracold gas to exhibit a substantial de-
pendence on the magnetic field [8]. In this Letter, we apply
radio-frequency (rf) spectroscopy [17,19] on weakly
bound molecules to precisely determine the interaction
parameters of cold 6Li atoms. Together with a multichan-
nel quantum scattering model, we obtain a full character-
ization of the two-body scattering properties, essential for
BEC-BCS crossover physics.

The relevant atomic states are the lowest three sublevels
in the 6Li ground state manifold, denoted by j1i, j2i, and
j3i. Within the magnetic-field range investigated in this
experiment, these levels form a triplet of states, essentially
differing by the orientation of the nuclear spin (mI �
1; 0;�1). Figure 1 shows the energy level structure of the
two scattering channels j1i � j2i and j1i � j3i, denoted by
�1; 2� and �1; 3�, respectively. The broad Feshbach reso-
nance occurs in the �1; 2� channel near 83 mT. When the
magnetic field is tuned below the resonance, atoms in the
�1; 2� channel can form weakly bound molecules [20]. For
the �1; 3� channel, a similar Feshbach resonance [19] oc-
curs near 69 mT.

Starting with molecules formed in the �1; 2� channel, we
drive the rf transition to the �1; 3� channel at various
magnetic-field values B. The rf excitation can dissociate
a molecule into two free atoms (bound-free transition; see
Fig. 1) [17] or, for B< 69 mT, it can also drive the
transition between the molecular states in the �1; 2� and
�1; 3� channels (bound-bound transition). In both pro-
cesses, the rf excitation results in loss of molecules in the
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�1; 2� channel. This loss constitutes our experimental sig-
nal. We perform measurements at different magnetic fields
for both the bound-free and the bound-bound transitions.

Our experimental procedure is similar to Ref. [8]. The
optically trapped sample is cooled by forced evaporation at
a magnetic field of 76.4 mT. With deep cooling we rou-
tinely produce a BEC of 2� 105 molecules [2], which at
the lowest trap laser power of 3.8 mW has a peak density of
4� 1012 cm�3. After evaporation we linearly ramp the
field to a specific value between 66 and 72 mT in typically
200 ms. We then apply a single rf pulse for 200 ms with its
frequency tuned close to the atomic transition j2i to j3i.
Following the rf pulse, we apply state-selective absorption
imaging, which is sensitive to free atoms in state j2i and
molecules in the �1; 2� channel.

To precisely determine the magnetic field, we employ rf
spectroscopy on a ‘‘hot’’ thermal sample of 2� 106 atoms
at a temperature T 	 90 �K (about 6 times the Fermi
temperature TF) with the highest trap laser power of
10.5 W. Under these conditions we do not observe any
density-dependent frequency shifts, in agreement with
[19]. The rf transition energy then corresponds to the
internal energy difference hf0 between the states j2i and
j3i, where h is Planck’s constant. This energy is magnetic-
field dependent and the transition frequency is about
83 MHz in the magnetic-field range we study. The mea-
sured transition has a narrow linewidth of less than 1 kHz,
and the center position can be determined to within a few
hundred Hz. This high resolution allows us to calibrate our
magnetic field to an accuracy of a few �T based on the
Breit-Rabi formula and the 6Li parameters given in [21].

For bound-free transitions, the molecules in the �1; 2�
channel make a transition to the �1; 3� scattering contin-
uum. The excitation rate from a stationary molecule to an
atomic scattering state with kinetic energy 2Ek is deter-

mined by the Franck-Condon factor between the bound and
free wave functions [22]. From energy conservation, 2Ek is
related to the rf transition energy hf by hf � hf0 � Eb �
2Ek, where Eb is the binding energy of the molecules in the
�1; 2� channel. The variation of the Franck-Condon factor
with atomic kinetic energy leads to a broad and asymmetric
dissociation line shape [22].

Rf dissociation spectra taken at 72.0 and 69.5 mT for a
molecular BEC in a weak optical trap are shown in Fig. 2.
An important feature of the spectra is the sharp rising edge
on the low frequency side. This threshold corresponds to
the dissociation of a molecule into two atoms with zero
relative momentum. Therefore, the position of the edge
relative to the atomic transition directly indicates the mo-
lecular binding energy.

We determine the dissociation threshold and thus the
molecular binding energy by fitting the full line shape. The
line shape function [22] depends on both the �1; 2� mo-
lecular binding energy Eb and the scattering length a13 in
the �1; 3� channel. In the range of magnetic fields we
investigate, a13 is much larger than the interaction range
of the van der Waals potential of 
30a0. The line shape
function P�E� is then well approximated by [22]

P�E� / E�2�E� Eb�1=2�E� Eb � E0��1; (1)

where E � hf� hf0 and E0 � �h2=ma2
13. From the fits to

the experimental data [23], we determine the threshold
positions, given in Table I. Together with the atomic tran-
sition frequencies, we conclude that the molecular binding
energies are Eb � h� 134�2� kHz at 72.013(4) mT and
Eb � h� 277�2� kHz at 69.483(4) mT.
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FIG. 2. Bound-free rf spectra at 72.013(4) mT (a) and
69.483(4) mT (b). Fractional loss in state j2i is measured as a
function of the radio frequency. The solid lines represent a fit
based on Eq. (1). The atomic transition frequencies, which are
measured independently, are indicated by the vertical dashed
lines.
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FIG. 1 (color online). Energy level structure near the Li2

dissociation threshold as a function of magnetic field B. The
threshold energy of the �1; 3� scattering channel (upper dotted
line) is plotted relative to the �1; 2� threshold (lower dotted line).
In the �1; 2� channel, a molecular state (lower solid line) exists
below the Feshbach resonance at 
83 mT. In the �1; 3� channel,
another molecular state (upper solid line) exists below the reso-
nance at 
69 mT. The bound-free and bound-bound transitions
of molecules in the �1; 2� channel are illustrated by the arrows.
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For magnetic field B< 69 mT, we can drive the rf
transition between the �1; 2� and �1; 3� molecular states.
Here, the resonance frequency is given by the energy
difference of the two molecular states. To avoid possible
systematic mean-field shifts at these lower magnetic fields
[19], we prepare a thermal mixture of atoms and molecules
with temperature T 	 TF by a controlled heating method
[8]. Rf spectroscopy is performed at 67.6 and 66.1 mT. The
bound-bound transition signal at 66.1 mT is shown in
Fig. 3. By fitting the narrow transition line with a
Lorentzian profile, we determine the resonance frequency;
see Table I. Notably, below the resonance in the �1; 3�
channel at 
69 mT, the bound-free transition is much
weaker due to a Fano-type interference effect [22].

Because of the high precision of the measured transition
frequencies, a careful analysis of systematic effects is
necessary. Possible systematic shifts include differential
light shifts of the two molecular states and density-
dependent many-body shifts. In order to characterize these
possible systematic errors, we experimentally investigate
these shifts by varying the trap depth of the optical poten-
tial. In a deeper trap, both the differential light shifts and
mean-field shifts are expected to increase. We repeat the

bound-free and bound-bound rf spectroscopy for different
trap laser powers in a range between 3.8 and 310 mW. At a
typical magnetic field of B � 69 mT the peak number
density of a molecular BEC is thereby varied between 8�
1012 cm�3 and 5� 1013 cm�3. Within our statistical un-
certainties we do not see any systematic density-dependent
shifts.

Given the measured data summarized in Table I, it is
possible to predict the location of the scattering resonances
in the �1; 2�, �1; 3�, and �2; 3� channels if we have an
accurate theoretical model of the collision. We use a stan-
dard multichannel model for the interaction of two 2S
atoms with nuclear spin [24] to calculate the scattering
lengths and bound state energies for these channels. It is
necessary to include swaves only in the basis set, since we
find that there is a negligible change within the experimen-
tal uncertainties if we also include higher partial waves in
the basis set. The interaction potential model is the same as
described in Ref. [14]. It uses a combination of Rydberg-
Klein-Rees and ab initio potentials for the singlet (1��g )
and triplet (3��u ) states at short range and joins them
smoothly onto long range potentials based on the exchange
[25] and van der Waals dispersion energy [26], the lead
term of which isC6 � 1393:39�16� au (1 au � 9:573 44�
10�26 J nm6). As in Ref. [14], the singlet 1��g and triplet
3��u scattering lengths, as and at, respectively, are varied
by making small variations to the inner wall of the poten-
tial. Once as and at are specified, all other scattering and
bound state properties for all channels of two 6Li atoms are
uniquely determined, including the positions of the reso-
nances. Consequently, varying as and at to fit the binding
energies and energy differences from rf spectroscopy de-
termines the values of these two free parameters.

Fitting the data of the present experiment determines
as � 45:167�8�a0 and at � �2140�18�a0. The uncertainty
includes both the uncertainty in the measured value of the
magnetic field and the uncertainty in the rf measurements.
Our scattering lengths agree within the uncertainties with
previous determinations: as � 45:1591�16�a0 [18] and
at � �2160�250�a0 [27]. Table I shows a comparison of
the measured and best fit calculated energies. The calcu-
lated positions of the broad s-wave resonances for the
�1; 2�, �1; 3�, and �2; 3� channels are 83.41(15), 69.04(5),
and 81.12(10) mT, respectively.

Figure 4 shows the scattering lengths calculated for
several different channels in the magnetic-field range of
interest to BEC-BCS crossover experiments. We find that
the formula a�ab1���B�B0�

�1�1���B�B0�� fits
the calculated scattering lengths to better than 99% over
the range of 60 to 120 mT. This expression includes the
standard Feshbach resonance term [28] with the back-
ground scattering length ab, resonance position B0, and
resonance width �, and a leading-order correction parame-
trized by �. The respective values for ab, B0, �, and � are
�1405a0, 83.4149 mT, 30.0 mT, and 0:0040 mT�1 for
channel �1; 2�, �1727a0, 69.043 mT, 12.23 mT, and

TABLE I. Comparison between our experimental and theoreti-
cal results. The magnetic field B is determined from the mea-
sured atomic transition frequency f0. The molecular transition
frequency fmol refers to the resonance peak for bound-bound
transitions (upper two rows) or the dissociation threshold (lower
two rows). The values in parentheses indicate 1� uncertainties.

fmol (MHz)
B (mT) f0 (MHz) Experimental Theory

66.1436(20) 82.968 08(20) 83.6645(3) 83.6640(10)
67.6090(30) 82.831 84(30) 83.2966(5) 83.2973(10)
69.4826(40) 82.666 86(30) 82.9438(20) 82.9419(13)
72.0131(40) 82.459 06(30) 82.5928(20) 82.5910(13)

83.660 83.665 83.670
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FIG. 3. Bound-bound rf spectrum at 66.144(2) mT. The frac-
tional population loss in state j2i shows a narrow resonance. We
determine the center position to be 83.6645(3) MHz from a
Lorentzian fit (solid line).

PRL 94, 103201 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
18 MARCH 2005

103201-3



0:0020 mT�1 for channel �1; 3�, and�1490a0, 81.122 mT,
22.23 mT, and 0:003 95 mT�1 for channel �2; 3�.

The �1; 3� channel molecular bound state can decay to
the �1; 2� channel by a very weak spin-dipolar coupling. We
have used the methods of Ref. [29] to calculate the two-
body lifetime of the �1; 3� bound state due to predissocia-
tion to the �1; 2� channel and find that it is very long,
greater than 10 s at 60.0 mT, increasing to 1000 s at
68.5 mT very close to resonance. However, �1; 3� mole-
cules might be quenched by collisions with j2i atoms or
�1; 2� channel molecules, since with three different spin
states involved in the collision, there would be no fermi-
onic suppression of collision rates according to the mecha-
nism of Ref. [11].

In conclusion, radio-frequency spectroscopy on ultra-
cold, weakly bound molecules allowed us to precisely
determine the molecular binding energies and the energy
splittings between two molecular states for different mag-
netic fields. Based on the measured data and a multichan-
nel quantum scattering model, we determine the scattering
lengths as a function of magnetic field and the Feshbach
resonance positions in the lowest three channels with un-
precedented precision. With these data, we can fully char-
acterize the interaction strength between particles in the
BEC-BCS crossover regime for future experiments based
on 6Li atoms.
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We present a reinterpretation of our previous results on the radial compression mode of a degen-
erate quantum gas in the BEC-BCS crossover in [1]. We show that our former data are consistent
with other experimental and theoretical work, when the ellipticity of the optical trapping potential
in [1] is properly taken into account .

PACS numbers: 34.50.-s, 05.30.Fk, 39.25.+k, 32.80.Pj

The radial compression mode of an optically trapped, ultracold 6Li Fermi gas in the BEC-BCS crossover regime
has been a focus of study of experimental work performed at Innsbruck University [1, 2] and at Duke University
[3, 4, 5]. In our most recent work [2], we reached a level of control which allows us to identify systematic effects in our
measurements. With our new knowledge of the system, we can reinterpret the previous data and resolve the apparent
discrepancy between [1] and [2, 3, 4].
The atoms are trapped by a single focused laser beam resulting in a cigar-shaped trap geometry. In [1], we assumed
cylindrical symmetry along the z-axis of the trapping potential, where the trap frequencies ωx and ωy in x- and
y-direction are equal. With this assumption we used ωy as the relevant radial trap frequency ωr.
The experimental setup of [1] was only capable to resolve oscillations in y- and z-direction. With a new imaging
system along the z-axis we now get full access to the x- and y-directions and are able to determine the two transverse
trapping frequencies individually. In contrast to the assumption of cylindrical symmetry in [1], we found significant
ellipticity of the trap, being characterized by an aspect ratio ζ = ωx/ωy. For the experimental trap setup of [1] we
found an aspect ratio of ζ ≈ 0.8 [7].
To calculate the frequency ωc of the compression mode in the elliptic trap, we start from the triaxial eigenfrequency
equation (e.g. [6]) and neglect the weak confinement in z-direction. This gives the collective mode frequencies ω
(compression mode and surface mode)

ω4
− (2 + Γ)(ω2

x + ω2

y)ω
2 + 4(Γ + 1)ω2

xω2

y = 0, (1)

where Γ is the polytropic interaction index. From equation (1) the frequency of the radial compression mode ωc can
be calculated [6]. This results in

(

ωc

ωy

)2

=
1

2
(2 + Γ)

(

1 + ζ2
)

+

√

(

1

2
(2 + Γ) (1 + ζ2)

)2

− 4 (Γ + 1) ζ2, (2)

where ωc is normalized to ωy, corresponding to the way we presented our data in [1].
In Fig. 1 the experimental data of [1] and theoretical data [8] corresponding to a mean-field BCS model (lower curve)
and a quantum Monte-Carlo model (upper curve), both models assuming ζ = 0.8, are shown. The same data set
is plotted versus the magnetic field (left-hand side) and the interaction parameter 1/kF a (right-hand side), where a
represents the atom-atom scattering length and kF is the Fermi wave number.
In the BEC limit (Γ = 2) the data fit well with the theoretically expected value of 1.85. In the unitarity regime at
resonance (Γ = 2

3
), the experimental data also fit well if one includes a small anharmonicity shift, which corrects

ωc/ωy = 1.62(2) to ωc/ωy = 1.67(3) [1]. In the strongly interacting BEC regime the data can be compared with
the theoretical models using equation (2). Above resonance, we see a larger downshift in frequency until a jump to
ωc/ωy ≈ 2 happens and the frequency remains constant.
In the strongly interacting BEC regime, at magnetic fields just below the Feshbach resonance or 2 > 1/kF a > 0.5, the
experimental data points lie between both theoretical curves. In our latest precision measurements [2], the data clearly
support the quantum Monte-Carlo model and they also show a downshift in frequency for increased temperatures.
This is consistent with the data presented in Fig. 1, taking into account the relatively high temperature of the sample.
Note that the temperatures in [1] are higher than in [2] as the evaporation ramp was not optimized to achieve deepest
temperatures and the timing sequence was not optimized to minimize heating.
At magnetic fields above the Feshbach resonance (1/kF a . 0), the data show a significant downshift compared to the
theoretically expected values, which we cannot explain by the elliptical trap. Also other experiments show a similar
trend [4, 10]. The proximity of the energy corresponding to the collective mode frequency to the pairing gap [11] and



2

thermal effects may be possible explanations for this downshift.
At a magnetic field of about 900G (1/kF a ≈ −0.5), the normalized frequency shows a pronounced jump up to the
value of approximately 2, which is expected in a collisionless Fermi gas. For the collisionless oscillation along the
y-axis, the ellipticity of the trap is irrelevant. So the visibility of the jump is clearly enhanced in an elliptic trap, as
the lower frequency side of the jump in an elliptic trap is downshifted compared to a cylindrically symmetric trap.
This jump marks the transition from hydrodynamic to collisionless behavior.
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FIG. 1: Normalized compression mode frequency ωc/ωy in the BEC-BCS crossover regime versus magnetic field (left hand side)
and interaction parameter 1/kF a (right hand side) [1]. The lower theory curve is based on a mean-field BCS model and the
upper curve on a quantum Monte-Carlo model. Both curves correspond to the theoretical data presented in [8]. The horizontal
dashed lines indicate the values for the BEC limit (ωc/ωy = 1.851 for ζ = 0.8) and the collisionless limit (ωc/ωy = 2). The
vertical dotted line marks the position of the Feshbach resonance at 834.1G [9].

In conclusion, by taking into account the ellipticity of the trapping potential, the results of [1] now essentially agree
with other experimental results [2, 3, 4] and theoretical predictions [8].
We thank Markus Bartenstein, Selim Jochim and Cheng Chin for their contribution to the original results we rein-
terpreted here. We acknowledge support by the Austrian Science Fund (FWF) within SFB 15 (project part 21). S.R.
is supported within the Doktorandenprogramm of the Austrian Academy of Sciences.
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We report on precision measurements of the frequency of the radial compression mode in a strongly
interacting, optically trapped Fermi gas of 6Li atoms. Our results allow for a test of theoretical predictions
for the equation of state in the BEC-BCS crossover. We confirm recent quantum Monte Carlo results and
rule out simple mean-field BCS theory. Our results show the long-sought beyond-mean-field effects in the
strongly interacting Bose-Einstein condensation (BEC) regime.

DOI: 10.1103/PhysRevLett.98.040401 PACS numbers: 03.75.Ss, 05.30.Fk, 32.80.Pj, 34.50.�s

Ultracold, strongly interacting Fermi gases [1–13] have
attracted considerable attention over the past few years,
serving as unique model systems to create, control, and
investigate novel states of quantum matter. Experimentally,
the availability of such systems has opened up exciting
possibilities to study many-body quantum phenomena like
molecular Bose-Einstein condensation (BEC) [3] and the
crossover from BEC to a Bardeen-Cooper-Schrieffer
(BCS) type superfluid [4–13]. These experiments may
also lead to a better understanding of strongly interacting
quantum systems in different areas of physics, ranging
from high-Tc superconductors to neutron stars and the
quark-gluon plasma.

A degenerate two-component Fermi gas undergoes the
BEC-BCS crossover [14] when the s-wave scattering
length a is varied from positive to negative values across
a scattering resonance. In the crossover region, where a is
comparable with or larger than the interparticle spacing,
the equation of state is governed by many-body effects.
Understanding the equation of state is a fundamentally
important challenge and constitutes a difficult task for
many-body quantum theories, even in the zero-temperature
limit. Mean-field BCS theory [14] provides a reasonable
interpolation between the well-understood limits. More
sophisticated crossover approaches [15] yield quantita-
tively different results in certain regimes, none of them,
however, providing a complete description of the problem.
The most advanced theoretical results were obtained by
numerical calculations based on a quantum Monte Carlo
(QMC) approach [16].

On the BEC side of the crossover, there is an interesting
competition in the equation of state between the strong
interactions in a Bose gas and the onset of fermionic
behavior. For a strongly interacting Bose gas, one can
expect quantum depletion to increase the average energy
per particle. To lowest order, this beyond-mean-field effect
leads a correction to the equation of state predicted by Lee,
Huang, and Yang (LHY) almost 50 years ago [17]. Beyond
mean-field effects are expected to reduce the compressi-

bility of a strongly interacting Bose gas as compared to the
weakly interacting case. However, when approaching the
resonance, fermionic behavior emerges and the system
loses its purely bosonic character, which increases the
compressibility of the strongly interacting gas. Mean-field
BCS theory does not contain beyond-mean-field effects
and the LHY correction is absent there. However, the
QMC results predict beyond-mean-field effects to be vis-
ible on the BEC side of the crossover [16].

In this Letter, we report on precision measurements of
the radial compression mode in an optically trapped,
strongly interacting Fermi gas of 6Li atoms. The mode
serves as a sensitive probe for the compressibility and
thus the equation of state of a superfluid gas in the BEC-
BCS crossover [18,19]. We reach a precision level that
allows us to distinguish between the predictions resulting
from mean-field BCS theory and QMC calculations.
Previous experiments on collective modes, performed at
Duke University [8,11] and at Innsbruck University [9],
showed frequency changes in the BEC-BCS crossover in
both the slow axial mode and the fast radial compression
mode of a cigar-shaped sample. The accuracy, however,
was insufficient for a conclusive test of the different many-
body theories in the strongly interacting regime.

We prepare a strongly interacting, degenerate gas of 6Li
atoms in the lowest two internal states as described in our
previous publications [4,9,10]. The broad Feshbach reso-
nance centered at a magnetic field of B � 834 G facilitates
precise tuning of the scattering length a [20]. Forced
evaporative cooling is performed in a 1030-nm near-
infrared laser beam focussed to a waist of 54 �m at
764 G. This results in a deeply degenerate cloud of N �
2:0�5� � 105 atoms. By adiabatically increasing the trap
laser power after cooling, the sample is recompressed to
achieve nearly harmonic confinement. In the axial direc-
tion the gas is magnetically confined in the curvature of the
field used for Feshbach tuning with an axial trap frequency
of !z=2� � 22:4 Hz at 834 G. The experiments reported
here are performed at two different final values of the laser
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power of the recompressed trap. At 135 mW (540 mW), the
trap is 1:8 �K (7:3 �K) deep and the radial trap frequency
is !r � 2�� 290 Hz (590 Hz). The Fermi energy of a
noninteracting cloud is calculated to EF � @

2k2
F=2m �

@�3!2
r!zN�1=3 � kB � 500 nK (800 nK); here m is the

mass of an atom and kB is Boltzmann’s constant.
Since our first measurements on collective excitation

modes [9], we have upgraded our apparatus with a two-
dimensional acousto-optical deflection system for the trap-
ping beam and a new imaging system along the trapping
beam axis. These two improvements provide us with full
access to manipulate and observe the radial motion.

The trap beam profile is somewhat elliptic because of
imperfections and aberrations in the optical set up. To
simultaneously excite the two eigenmodes of the radial
sloshing motion, we initially displace the trapped sample
into a direction between the horizontal and vertical princi-
pal axes of the radial potential. After a variable hold time,
during which the cloud oscillates freely, we turn off the
optical trap. After a time of flight of typically 4 ms we take
an absorption image of the released cloud. The center-of-
mass position of the cloud then reflects its momentum at
the instant of release. The experimental results in Fig. 1
demonstrate the sloshing with a beat between the two
eigenmodes. A careful analysis of such data [21] allows
us to determine the eigenfrequencies !x (horizontal slosh-
ing) and !y (vertical sloshing) to within a relative uncer-
tainty of typically 2� 10�3. We finally derive the mean
sloshing frequency !? �

������������!x!y
p and the ellipticity pa-

rameter � � �!y �!x�=!?.
To excite the radial compression oscillation we reduce

the trap light power for a short time interval of �100 �s,
inducing an oscillation with a relative amplitude of typi-

cally 10%. After a variable hold time the cloud is released
from the trap. From fits of two-dimensional Thomas-Fermi
profiles to images of the expanding cloud taken 4 ms after
release, we determine the mean cloud radius. A typical set
of measurements is shown in Fig. 2. A fit of a damped
harmonic oscillation to such data yields the frequency !c
and damping rate � of the radial compression mode.

Our experiments are performed close to the limit of an
elongated harmonic trap potential with cylindrical symme-
try. This elementary case is of great general relevance for
many quantum gas experiments in optical and magnetic
traps (see, e.g., [22]), and collective excitations are con-
veniently normalized to the radial trap frequency !r
[18,19]. The compression mode frequency can then be
written as !c � fc!r, where fc is a dimensionless func-
tion of the interaction parameter 1=kFa and is related to an
effective polytropic index � [18,19] of the equation of state
by !2

c � 2��� 1�!2
r .

In order to compare our experimental results with the-
ory, we consider the quantity fc, i.e., the normalized com-
pression mode frequency of the ideal, cylindrically
symmetric, elongated trap. We find, that for our experi-
mental conditions, fc is approximated by the ratio !c=!?
of the measured compression mode (!c) and mean slosh-
ing mode (!?) frequencies to better than 1%. On the
desired accuracy level of 10�3, however, two small effects
have to be taken into account: the residual trap ellipticity
and the anharmonicity of the radial potential in combina-
tion with the spatial extension of the trapped sample. We
thus introduce two small corresponding corrections, ex-
pressing fc in the form fc � �1� ��

2 � b��!c=!?.
For the ellipticity correction ��2, a straightforward so-

lution of the hydrodynamic eigenfrequency equation [21]
yields � � �2� ��=4�, where � can be approximated by
� � �!c=!?�

2=2� 1. For the anharmonicity correction,
the parameter � � 1

2m!
2
?r

2
rms=U0 relates the potential

energy associated with the root-mean-square radius rrms

[23] of the trapped cloud to the trap depth. The coefficient
b results from the differential anharmonicity shifts in the
compression and sloshing modes and can be calculated
according to [21,24,25]. We obtain [21] b � 0:167 and
0.280 in the limits of BEC and unitarity, respectively. 

FIG. 1 (color online). Radial sloshing observed at a trap power
of 540 mW and B � 735 G (1=kFa � 1:55). The two-
dimensional center-of-mass motion is represented in a coordi-
nate system (x0, y0) rotated by 45	 with respect to the principal
axes of the trap. The beat signal between the two sloshing
eigenmodes demonstrates the ellipticity of the trap with the
two eigenfrequencies !x=2� � 570 Hz and !y=2� � 608 Hz
(ellipticity � � 0:066).

 

FIG. 2 (color online). Radial compression oscillation observed
for the same conditions as the sloshing mode data in Fig. 1. The
radial width is determined by averaging the horizontal and
vertical Thomas-Fermi radii after expansion. Here we obtain
!c=2� � 1185 Hz.
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Our measurements on the sloshing and compression
modes are summarized in Table I, including the two small
corrections. For the data in the strongly interacting BEC
regime (1=kFa * 1) we used the weaker trap with
!?=2� � 290 Hz to minimize unwanted heating by in-
elastic collisions. Closer to resonance (1=kFa & 1) inelas-
tic processes are strongly suppressed, but the increasing
cloud size introduces larger anharmonicity shifts. Here we
chose the deeper trap with!?=2� � 590 Hz. On the BCS
side of the resonance we observed increased damping as a
precursor of the breakdown of hydrodynamics [9,11]. We
thus restricted our measurements to magnetic fields below
850 G to ensure low damping rates (�=!? < 0:01) and
superfluid hydrodynamics.

At a given magnetic field, a set of measurements on the
sloshing and compression modes typically takes a few
hours. To minimize uncertainties from slow drifts and
day-to-day variations we always took the sloshing mode
reference measurement right before or after the compres-
sion mode data. By repeating measurements under identi-
cal settings we found a typical remaining fractional
uncertainty for the normalized compression mode frequen-
cies of 5� 10�3, which is about 2–3 times larger than the
fit errors of individual measurements.

In Fig. 3 we show our final results on the normalized
compression mode frequency in the BEC-BCS crossover.
The two theory curves [19] correspond to the equation of
state from mean-field BCS theory (lower curve) and the
one from quantum Monte Carlo calculations (upper curve).
Our data confirm the quantum Monte Carlo predictions and

rule out the mean-field BCS theory. In the strongly inter-
acting BEC regime (1=kFa * 1) our data are well above
the value of 2. This highlights the presence of the long-
sought beyond-mean-field effects [17] in collective modes
of a strongly interacting gas [18,26].

We finally address the question of how nonzero tem-
peratures influence the compression mode frequency. At
unitarity, a recent experiment [27] has found small fre-
quency upshifts with temperature. For a BEC, however,
theory [28] predicts temperature-induced down-shifts,
which compete with the up-shifts from beyond-mean-field
effects. We have performed a set of measurements on
temperature shifts in the strongly interacting BEC regime
(1=kFa � 0:94). Before exciting the collective oscillation,
the evaporatively cooled gas was kept in the recompressed
trap for a variable hold time of up to 1.5 s. During this time
residual heating by inelastic processes slowly increased the
temperature, which we observed as a substantial increase
of damping with time. The damping rate � thus serves us as
a very sensitive, but uncalibrated thermometer [8,27].
Figure 4, where we plot the normalized compression
mode frequency versus damping rate, clearly shows a
temperature-induced down-shift. We note that previous
measurements in the strongly interacting BEC regime
[9,11] were performed at relatively large damping rates

TABLE I. Experimental data on radial collective modes in the
BEC-BCS crossover. The data in the upper seven (lower eight)
rows refer to the sets of measurements taken in the shallower
(deeper) trap with U0 � 1:8 �K and EF � 500 nK (U0 �
7:3 �K and EF � 800 nK). The values in parentheses indicate
1� fit uncertainties of individual measurements. Note that a
systematic scaling uncertainty of �4% for 1=kFa results from
the uncertainty in the atom number N � 2:0�5� � 105.

Sloshing Compression Correction
B 1=kFa !?=2� � !c=2� �=!? ��2 b�
(G) (Hz) (Hz) (10�4)

727.8 2.21 292.7(5) 0.083(3) 596.3(6) 0.007(2) 48 20
735.1 1.96 298.6(5) 0.091(3) 602.8(8) 0.008(3) 60 26
742.5 1.75 294.5(5) 0.067(3) 593.2(7) 0.005(2) 33 28
749.8 1.55 296.3(4) 0.073(3) 599.0(7) 0.006(2) 38 28
760.9 1.27 296.0(4) 0.088(2) 592.3(7) 0.009(2) 58 24
771.9 1.03 293.6(7) 0.074(5) 586.2(8) 0.007(3) 41 27
834.1 0 287.5(7) 0.073(5) 519.4(9) 0.014(3) 55 94
757.2 1.07 605.0(9) 0.065(3) 1210.9(12) 0.010(2) 32 13
768.2 0.87 592.5(7) 0.069(2) 1186.6(12) 0.012(2) 36 16
775.6 0.75 590.2(4) 0.060(1) 1170.2(21) 0.007(4) 28 14
782.2 0.64 604.8(9) 0.061(3) 1187.1(16) 0.006(3) 29 16
801.3 0.38 586.8(7) 0.063(2) 1135.2(12) 0.010(2) 33 24
812.3 0.24 586.5(7) 0.058(2) 1106.9(16) 0.014(3) 30 33
834.1 0 596.3(9) 0.070(3) 1089.0(12) 0.010(2) 48 40
849.1 �0:14 583.2(7) 0.052(2) 1046.7(37) 0.007(2) 29 47

 

FIG. 3 (color online). Normalized compression mode fre-
quency fc versus interaction parameter 1=kFa. The experimental
data include the small corrections for trap ellipticity and anhar-
monicity and can thus be directly compared to theory in the limit
of an elongated harmonic trap with cylindrical symmetry. The
open and closed circles refer to the measurements listed in
Table I for !?=2� � 290 Hz and 590 Hz, respectively. The
error bars indicate the typical scatter of the data points. The filled
triangle shows a zero-temperature extrapolation of the measure-
ments displayed in Fig. 4. The theory curves refer to mean-field
BCS theory (lower curve) and QMC calculations (upper curve)
and correspond to the data presented in Ref. [19]. The horizontal
dashed lines indicate the values for the BEC limit (fc � 2) and
the unitarity limit (fc �

�����������

10=3
p

� 1:826).
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in the range between 0.05 and 0.1, where frequency down-
shifts are significant.

With our new knowledge on systematic frequency shifts
in collective mode measurements, let us comment on the
previous experiments performed in Innsbruck [9] and at
Duke University [8,11]. We have reanalyzed our old data
on the radial compression mode and identified a previously
undetermined ellipticity of � � 0:2 as the main problem in
our data interpretation [29]. The fact that we had normal-
ized the compression mode frequency to the vertical trap
frequency (!c=!y) led to a substantial down-shift in the
hydrodynamic regime, but not in the collisionless regime.
We furthermore believe that significant temperature shifts
were present in the previous collective mode experiments.
In particular for the strongly interacting BEC regime tem-
perature shifts in our old data on the axial mode [9] and the
Duke data on the radial mode [11] provide a plausible
explanation for these measurements being closer to the
predictions of mean-field BCS theory than to the more
advanced QMC results.

In conclusion, our work shows that collective modes
allow for precision tests of many-body theories in strongly
interacting quantum gases. In future experiments, the ob-
servation of collective oscillation modes will serve as a
powerful tool to investigate strongly interacting superfluids
in a more general context, e.g., in mixtures of fermionic
quantum gases.

We warmly thank S. Stringari for stimulating our interest
in collective modes and for many useful discussions. We
thank G. Astrakharchik for providing us with the theoreti-
cal data for Fig. 3, and R. Danielian for assistance in the
experiments. We acknowledge support by the Austrian
Science Fund (FWF) within SFB 15 (project part
No. 21). S. R. is supported within the Doktoranden-
programm of the Austrian Academy of Sciences. C. C.
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FIG. 4. Normalized compression mode frequency fc versus
damping rate for 1=kFa � 0:94 (U0 � 7:3 �K). The error bars
represent 1� fit uncertainties. The dashed lines indicate the zero-
temperature values predicted by QMC calculations (upper line)
and mean-field BCS theory (lower line).
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Dynamics of a strongly interacting Fermi gas: the radial quadrupole mode
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We report on measurements of an elementary surface mode in an ultracold, strongly interacting
Fermi gas of 6Li atoms. The radial quadrupole mode allows us to probe hydrodynamic behavior in
the BEC-BCS crossover without being influenced by changes in the equation of state. We examine
frequency and damping of this mode, along with its expansion dynamics. In the unitarity limit
and on the BEC side of the resonance, the observed frequencies agree with standard hydrodynamic
theory. However, on the BCS side of the crossover, a striking down shift of the oscillation frequency is
observed in the hydrodynamic regime as a precursor to an abrupt transition to collisionless behavior;
this indicates coupling of the oscillation to fermionic pairs.

PACS numbers: 34.50.-s, 05.30.Fk, 39.25.+k, 32.80.Pj

I. INTRODUCTION

The advent of ultracold, strongly interacting Fermi
gases [1, 2], molecular Bose-Einstein condensates [3, 4, 5],
and fermionic condensates [6, 7] has opened up unique
possibilities to study the fundamental physics of inter-
acting fermions. The availability of controllable model
systems with tunable interactions provides unprece-
dented experimental access to the many-body physics of
fermionic quantum systems, which is of great fundamen-
tal importance for various branches of physics [8].

A fundamental problem, which has been discussed in
the theoretical literature for decades [9, 10, 11, 12], is
the crossover from Bose-Einstein condensation (BEC) to
a macroscopic quantum state in the Bardeen-Cooper-
Schrieffer (BCS) regime. In this crossover, the nature of
pairing changes from the formation of bosonic molecules
by fermionic atoms to pairing supported by many-body
effects. With novel model systems now available in ul-
tracold Fermi gases, the BEC-BCS crossover has recently
stimulated a great deal of interest in both theory and ex-
periment [8].

Collective excitation modes in trapped ultracold Fermi
gases provide powerful tools to investigate the macro-
scopic properties of a system in the BEC-BCS crossover
[13]. For experiments of this class, ultracold 6Li gases
have excellent properties. This is because of their stabil-
ity in the molecular regime [3, 14, 15] and precise mag-
netic tunability of interactions based on a broad Fesh-
bach resonance [16, 17]. Early experiments on collective
modes in the BEC-BCS crossover provided evidence for
superfluidity [18] and showed a striking transition from
hydrodynamic to collisionless behavior [19]. More recent
experiments yielded a precision test of the equation of
state [20]. The previous experiments have focussed on
collective modes with compression character, where both
the hydrodynamic properties and the equation of state
determine the mode frequency [18, 19, 20, 21, 22, 23].
In this Article, we report on measurements of a pure sur-

face mode in the BEC-BCS crossover, which provides new
insight into the dynamics of the system. The “radial

quadrupole mode” in an elongated trap, the fundamen-
tals of which are discussed in Sec. II, allows for a test
of hydrodynamic behavior without being influenced by
changes in the equation of state. In Sec. III, we present
our experimental setup and the main procedures. We
introduce a tool to excite collective oscillations with an
acousto-optic scanning system. The results of our mea-
surements, presented in Sec. IV, provide us with new
insight on the abrupt transition from hydrodynamic to
collisionless behavior, first observed in [19]. The present
work provides strong evidence that quasi-static hydro-
dynamic theory [24] does not apply to collective modes
of a strongly interacting fermionic superfluid, when the
oscillation frequencies approach the pairing gap [25].

II. RADIAL QUADRUPOLE MODE

The confining potential in our experiments is close to
the limit of an elongated harmonic trap with cylindrical
symmetry. In this case, we can consider purely radial
collective oscillations, neglecting the axial motion. The
frequencies of the radial modes can be expressed in units
of the radial trap frequency ωr. We note that our ex-
periments are performed in a three-dimensional regime,
where the energy ~ωr is typically a factor of 30 below the
chemical potential and finite-size effects can be neglected.

In this situation, there are two elementary collective
modes of the system, the radial compression mode and
the radial quadrupole mode [13, 26]. We focus on the
quadrupole mode, which is illustrated in Fig. 1. This
mode corresponds to an oscillating radial deformation,
which can be interpreted as a standing surface wave.
The mode was first demonstrated in atomic BEC exper-
iments [27] and applied to investigate rotating systems
[28], but so far it has not been studied in strongly inter-
acting Fermi gases.

Being a pure surface mode, the frequency ωq of the radial
quadrupole mode does not depend on the compressibility
of the system. The frequency ωq does not depend on the
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FIG. 1: Illustration of the radial quadrupole mode as an el-
ementary collective excitation of an elongated, trapped atom
cloud.

equation of state but on the collisional properties. In the
hydrodynamic regime, whether the gas is a superfluid or
a classical gas with a collision rate strongly exceeding the
radial trap frequency, the frequency of this mode is given
by [26]

ωq =
√

2 ωr. (1)

In contrast, for a collisionless gas, where the atoms freely
oscillate in the trap, the frequency is

ωq = 2 ωr. (2)

Because ωq is insensitive to the compressibility of the
gas and the difference between the collisonless and the
hydrodynamic frequencies is large, the radial quadrupole
mode can serve as an excellent tool to probe pure hydro-
dynamics. Particularly interesting is the transition from
hydrodynamic to collisionless behavior at lowest temper-
atures. Such a change occurs in a strongly interacting
Fermi gas on the BCS side of the resonance [19, 21, 23].
Near this transition, measurements on the compression
mode indicated frequency down shifts, which raised ques-
tions concerning the validity of standard hydrodynamic
theory in this interaction regime [29, 30]. Previous ex-
periments could not unambiguously identify the origin
of frequency shifts near the hydrodynamic-to-collisionless
transition, which is a particular motivation for probing
the crossover gas with the radial quadrupole mode.

III. EXPERIMENTAL PROCEDURE

The apparatus and the basic preparation methods for
experiments with a strongly interacting Fermi gas of
6Li atoms have been described in our previous work

[3, 19, 25, 31]. As a starting point, we produce a molec-
ular BEC of 6Li2 [3, 31]. By changing an external mag-
netic field, we can control the inter-particle interactions
in the vicinity of a Feshbach resonance, which is centered
at 834G [16, 17]. The interactions are characterized by
the atomic s-wave scattering length a.
We start our experiments with an ensemble of about
N = 4 × 105 atoms in an almost pure BEC at a mag-
netic field of 764 G. In order to change the properties
of the system adiabatically, we slowly ramp to the final
magnetic field, where the measurements are performed
[31]. The temperature of the gas is typically below 0.1
TF, unless stated otherwise.
In order to observe the collective oscillations, we take
absorption images of the cloud in the x-y-plane after
release from the trap. We illuminate the atoms with
a probe beam along the z-direction of the cigar-shaped
cloud. The probe light causes a resonant excitation of
the D2-line, at a wavelength of 671nm. We use dichroic
mirrors for combining and separating the probe and the
dipole trapping beam. The frequency of the probe beam
can be tuned over a range of more than 1GHz, which en-
ables resonant imaging over the whole range of magnetic
fields that we create in our experiments.
The gas is confined in a nearly harmonic trapping poten-
tial, which has an axially symmetric, cigar-shaped trap
geometry. Optical confinement in the radial direction is
created by a focused 1030-nm near-infrared laser beam
with a waist of ∼ 58 µm. The potential in the axial di-
rection consists of a combination of optical and magnetic
confinement [3]; the magnetic confinement is dominant
under the conditions of the present experiments. We set
the laser power to 270 mW, which results in a radial trap
frequency of ωr ≈ 2π×370 Hz and an axial trap frequency
of ωz ≈ 2π×22 Hz at a magnetic field of 764 G. The trap
frequencies correspond to a Fermi energy of a noninter-
acting cloud EF = ~(ω2

r
ωz3N)1/3 = kB × 740nK.

In order to excite collective oscillations, we suddenly
change the optical trapping potential. The position and
shape of our trapping potential in the x-y-plane can be
manipulated through the use of a two-dimensional scan-
ning system. One feature of the system is that we can
rapidly displace the trap laterally. Fast modulation of
the beam position enables us to create time-averaged po-
tentials [32, 33].

The scanning system is constructed by use of two
acousto-optic modulators (AOMs), which are aligned for
vertical and horizontal deflections. Fig. 2 illustrates the
principle of our scanning system for one direction. A col-
limated beam passes through an AOM and is deflected
depending on the driving frequency. A lens is placed at a
distance of one focal length behind the AOM, so that the
deflection results in a parallel displacement of the beam.
By changing the driving frequency of the AOM, the lat-
eral position of the focus is shifted. This system enables
us to displace the focus of the trapping beam in the hor-
izontal and the vertical direction by up to four times the
beam waist in all directions. Furthermore, the deflec-
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FIG. 2: Schematic illustration of the scanning system. A
wide collimated beam passes through an AOM. The result-
ing deflection angle depends on the driving frequency of the
AOM. The beam passes through a lens at the distance of one
focal length behind the AOM. The lens focuses the beam for
atom trapping. A change in deflection angle results in a par-
allel shift of the beam position in the focal plane. The solid
and dashed lines show the beam path for different deflection
angles. The zeroth order beam is not shown.

tion can be modulated by frequencies of up to ∼ 1MHz
within 3dB bandwidth. In our trap configuration, we use
modulation frequencies of 100kHz, which greatly exceeds
the trap frequency. We create elliptic potentials, i.e. po-
tentials with ωx 6= ωy, by modulating the trap position
along a specific direction. We use this for the excitation
of the quadrupole mode. By choosing a suited modu-
lation function [34], these elliptic potentials are nearly
harmonic.

When we excite the quadrupole mode, we first adia-
batically deform the trapping potential in ∼ 100 ms to
an elliptic shape. This slow deformation ensures that
the cloud stays in thermal equilibrium even in the near-
collisionless regime and no excitations occur. We sud-
denly switch off the deformation leading to an oscilla-
tion in the x-y-plane of the elliptic cloud in the originally
round trap.
The initial deformation corresponds to different trap
frequencies in horizontal and vertical direction where
ω0x = (1 + α)ωr and ω0y = (1 − α)ωr. The parameter
α determines the amplitude of the emerging oscillation;
we choose it for most of our measurements (unless stated
otherwise) to be α ≈ 0.05. We increase α by increas-
ing the modulation for the time averaged potential along
the y-direction. As the modulation decreases the con-
finement strength of the dipole trap, we simultaneously
ramp up the trap power to ensure that the mean trap
frequency ωr =

√
ω0xω0y remains constant. This avoids

excitation of the compression mode.
Fig. 3 shows the timing scheme for the excitation of the
radial quadrupole mode. At t = 0, the collective oscilla-
tion is excited and the cloud starts oscillating in the trap
for a variable time ttrap. Horizontal and vertical widths of
the cloud, Wx and Wy, oscillate in the trap out of phase
with a relative phase shift of π. As an observable, we
choose the difference in widths ∆W = Wx −Wy, which
cancels out small effects of residual compression oscilla-
tions. For normalization, we introduce the width W0 of
the cloud in the trap without excitation.
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FIG. 3: Timing scheme for the excitation of the radial
quadrupole mode. The ellipticity of the trap is slowly ramped
up within 100 ms. This results in a change of α in the trap
frequencies, where α characterizes the ellipticity, and sets the
initial, normalized deformation ∆W/W0 = −2α. W0 is de-
fined as the width of the cloud in the trap without excitation.
At t = 0, the elliptic deformation is switched off and the os-
cillation in the trap begins. (Shown here is an oscillation in
the hydrodynamic regime.) The oscillation continues until
the trap is turned off at t = ttrap, which is usually between 0
and 10 ms. At t = ttrap, the cloud is released from the trap
and expands for the time tTOF, which is typically 2ms.

Experimentally, we determine the collective quadrupole
oscillations after suddenly switching off the trap and a
subsequent expansion time tTOF. We then take an ab-
sorption image of the cloud and determine its horizontal
and vertical widths Wx and Wy via a two-dimensional
Thomas-Fermi profile fit. From these measurements af-
ter expansion, we can determine the in-trap behavior.
Typical data sets of radial quadrupole oscillations are

shown in Fig. 4. Fig. 4(a) shows an oscillation in the hy-
drodynamic regime; here we observe a weakly damped
harmonic oscillation centered about a small constant off-
set. Fig. 4(b) shows the typical behavior in the collision-
less regime. The frequency of the oscillation is clearly
higher than in the hydrodynamic regime. The oscillation
shows stronger damping and has an exponentially time-
varying offset.
We find that, for both regimes, the dependence of ∆W
on ttrap can be well described by the fit function

∆W = A e−κttrap cos (ωqttrap + φ)

+ C e−ξttrap + y0,
(3)
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FIG. 4: Typical radial quadrupole oscillations in the hydrody-
namic (a) and collisionless (b) regimes. The solid lines show
fits to our data according to Eq.(3). The dashed lines indicate
∆W = 0. The expansion time tTOF is 2 ms. In (a), the os-
cillation in the unitarity limit (B = 834G) is shown, whereas
(b) shows the oscillations for B = 1132G (1/kFa ≈ −1.34).

which is explained in detail in Appendix B.
Note that the frequency ωq and the damping constant
κ are independent of the expansion during tTOF and
characterize the behavior of the trapped oscillating atom
cloud. In contrast, the amplitude A and the phase shift φ
depend on the expansion time and provide further infor-
mation on the dynamics of the gas. The offset function
C e−ξttrap with amplitude C and damping constant ξ re-
sults from thermalization effects and is only relevant in
the collisionless regime (see discussion in Appendix B).
The constant offset y0 results from a slight inhomogeneity
of the magnetic field, which gives rise to a weak saddle
potential. This increases (decreases) the cloud size in
y-direction (x-direction) during expansion.

IV. EXPERIMENTAL RESULTS

Here we first discuss our measurements of the fre-
quency ωq and the damping rate κ of the in-trap
oscillation (Sec. IVA). We then present the data for the
phase offset φ and the amplitude A (Sec. IVB). Finally,
we explore the hydrodynamic-to-collisionless transition
(Sec. IVC). As commonly used in the field of BEC-BCS
crossover physics [8], the dimensionless parameter 1/kFa
is introduced to characterize the interaction regime. The
parameter kF =

√

2mEF/~ is the Fermi wave number
and m is the mass of an atom.

A. Frequency and damping
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FIG. 5: Frequency ωq (upper plot) and damping rate κ
(lower plot) of the radial quadrupole mode. Both quanti-
ties are normalized to the radial trap frequency ωr and plot-
ted versus the interaction parameter 1/kFa. The dashed
lines indicate the theoretical predictions in the hydrodynamic
(ωq/ωr =

√
2) and in the collisionless limit (ωq/ωr = 2). The

shaded area marks the transition from hydrodynamic to col-
lisionless behavior between 1/kFa ≈ −0.72 (B ≈ 930 G) and
1/kFa ≈ −0.85 (B ≈ 960 G).

In Fig. 5, we show the results for the frequency ωq

and the damping rate κ of the radial quadrupole mode
throughout the BEC-BCS crossover. Both ωq and κ are
normalized to the trap frequency ωr, which we determine
by a sloshing mode measurement [20]. We include small
corrections resulting from anharmonicity of the trapping
potential and the residual ellipticity of the trap (see ap-
pendix C).
The data confirm the expected transition between the
hydrodynamic and the collisionless regime on the BCS
side of the resonance (see Sec. II). The transition is qual-
itatively different from the hydrodynamic-to-collisionless
crossover in a classical gas [35] or in a Fermi gas with-
out superfluidity [36]. Instead of a continuous and
monotonous variation of the frequency between the two
limits (

√

2ωr and 2 ωr), an abrupt change occurs. When
this transition is approached from the hydrodynamic
side, a striking frequency downshift shows up as a precur-
sor of the transition to higher frequencies. In the tran-
sition region (shaded area in Fig. 5), no data points are
shown because of the large damping and correspondingly
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very large uncertainties for the measured frequency.
The damping rate shows similar behavior as in our pre-

vious measurements on the radial compression mode [19,
23]. Maximum damping occurs near the hydrodynamic-
to-collisionless transition, whereas minimum damping is
observed slightly below the resonance. In general, we
find that damping is roughly two times larger for the
quadrupole mode than for the compression mode at
the same temperature [37]. The faster damping of the
quadrupole mode is plausible in view of the larger fre-
quency change at the transition.

We now discuss the behavior in different regions in
more detail:

1/kFa ≈ 0 : In the unitarity limit, the normalized fre-
quency agrees well with the theoretically expected
value of ωq/ωr =

√

2 for a hydrodynamic gas, see
Eq. (1). To check for consistency with previous
experiments [20], we here also reproduced the fre-

quency
√

10/3ωr of the radial compression mode
on the 10−3 accuracy level. The damping is low
for the Fermi gas in the unitarity limit. In contrast
to the compression mode, the quadrupole mode fre-
quency stays constant throughout the crossover, in-
dicating that it is independent of the equation of
state.

1/kFa > 0 : In the strongly interacting BEC regime,
there is an increase in the damping and a slight
increase in the frequency for increasing 1/kFa. As
the gas is more susceptible to heating by inelastic
processes in the deep molecular regime [13], both
effects may be due to a thermal component in this
region.

1/kFa ≈ −0.8 : The frequency exhibits the pronounced
“jump” from the hydrodynamic to the collisionless
frequency. This transition is accompanied by a pro-
nounced maximum of the damping rate.

1/kFa . −0.8 : The frequency stays almost constant
about 5% above the theoretically expected value
of ωq = 2ωr. Interaction effects in the attractive
Fermi gas may cause this significant upshift, al-
though calculations of mean-field effects [38] pre-
dict mean-field shifts below 1%. As we cannot
experimentally realize a non-interacting Fermi gas
above the resonance, we could not perform further
experimental checks. The upshift in this regime
thus remains an open question.

1/kFa . 0 and 1/kFa & −0.8 : In this regime, we detect
a substantial down shift in the quadrupole mode
frequency. The effect begins to show up already
slightly above the resonance (1/kFa = 0) and in-
creases to a magnitude of almost 20% (ωq/ωr ≈

1.15 at 1/kFa = −0.72), before the transition to
collisionless behavior occurs. Indications of a simi-
lar down shift have been observed already in com-
pression mode experiments [19, 21, 23], but here the

down shift is considerably larger and not blurred by
changes in the equation of state.

A plausible explanation for the curious behavior of the
collective mode frequency on the BCS side of the reso-
nance is provided by coupling of the oscillation to the
pairing gap [13, 25, 29]. If we assume that the abrupt
transition is caused by pair breaking resulting from reso-
nant coupling of the oscillation to the gap, then the down
shift may be interpreted as a coupling effect when the gap
is not much larger than the oscillation frequency [30, 39].
The observed phenomenon still awaits a full theoretical
interpretation.

B. Phase shift and amplitude

Additional information on the interaction regime is
provided by the phase shift φ and the amplitude A of
the observed oscillation (see Eq.(3)). This is useful since
extremely high damping in the transition region makes
a meaningful determination of frequency and damping
practically impossible. We find that both amplitude and
phase shift, however, can be determined with reasonable
uncertainties even in the transition regime.

In the following, we present measurements of phase
shift and amplitude. These are compared to model cal-
culations, which are described in detail in appendix A.

In Fig. 6, the phase φ and the relative amplitude are
plotted versus the interaction parameter 1/kFa. The rel-
ative amplitude is given by the amplitude A (definition
see Eq.(3)) divided by the average width of the cloud
after expansion. The average width is obtained by aver-
aging (Wx + Wy)/2 over one oscillation period using the
same data set from which we extract A.

In the transition area around 1/kFa = −0.8, the phase
shift φ shows the step-like change at the transition from
the hydrodynamic to the collisionless regime. This is
similar to the jump in frequency in Fig. 5. In the colli-
sionless and unitary regimes, the phase agrees with the
theoretically expected values (solid line and dotted line,
respectively).

As a general trend, the relative amplitude is larger in
the hydrodynamic and smaller in the collisionless regime.
In the hydrodynamic regime, the relative amplitude de-
creases for decreasing 1/kFa, which is explained by the
change of γ from 1 to 2/3; γ is the polytropic index of
the equation of state (see Appendix A). At unitarity, the
relative amplitude agrees well with the numerically calcu-
lated value for γ = 2/3 (dotted line). In the collisionless
limit, the relative amplitude is half of the value at uni-
tarity, which is also consistent with our calculations in
App. A 3. We note that at the transition from the hy-
drodynamic to the collisionless regime, the value of the
relative amplitude decreases even below the collisionless
value.
In summary, the behavior of the phase shift and the am-
plitude agrees with our model presented in Appendix A
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FIG. 6: (a) Phase shift φ and (b) relative amplitude of the
quadrupole mode versus interaction parameter 1/kFa after
tTOF = 2ms expansion. The horizontal lines show calculations
from our theoretical model: the solid lines in the collisionless
limit, the dotted lines in the hydrodynamic regime at unitarity
(γ = 2/3) and the dashed lines in the hydrodynamic regime in
the BEC limit (γ = 1). These calculated values can be read off
from Fig. 10 for the phase and Fig. 9 for the amplitude. The
shaded area marks the transition between hydrodynamic and
collisionless behavior between 1/kFa ≈ −0.72 and 1/kFa ≈
−0.85 (see also Fig. 5).

(see also Fig. 9 and Fig. 10), in particular the prominent
change in the phase offset is confirmed.

C. Further observations

The measurements presented in the preceding subsec-
tions were taken under fixed experimental conditions,
where only the scattering length a was varied. In this
subsection we investigate how the transition from hydro-
dynamic to collisionless behavior depends on the experi-
mental parameters excitation amplitude, trap depth and
temperature.
In a first set of experiments, we explored whether the po-
sition of the transition depends on the excitation ampli-
tude. We increase or decrease the amplitude by a factor
of 2. This allows us to compare the oscillations where the
amplitude is ∼ 20 %, ∼ 10 % and ∼ 5 % of the averaged
width. We do not observe any significant change in the
position of the transition.
In general, we find that the transition always occurs
when the mode frequency is similar to the pairing gap.

This is supported by the fact that when we vary the
trap depth the transition occurs at a constant scattering
length (a ≈ −5000a0, B ≈ 960G) and does not depend
on 1/kFa [40]. A change in laser power of our trapping
laser influences both Fermi energy EF and the frequency
ωq. As we increase the trap power by a factor of 10, we
also increase the radial trap frequencies by a factor of
√

10 ≈ 3.2. This changes the Fermi energy by a factor
of 2.2 and the pairing gap, which scales like the trap fre-
quencies, by roughly a factor of 3 [25]. These findings
suggest that the transition is linked to a coupling of the
collective oscillation to the pairing gap. This is also in
agreement with earlier results on the radial compression
mode [13, 19].
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FIG. 7: (color online) Oscillations of the quadrupole surface
mode at a magnetic field of 920 G and 1/kFa = −0.66. The
filled circles correspond to a cold ensemble, whereas the open
triangles correspond to a heated ensemble. The solid lines are
fits to the data according to Eq.(3).

To explore the temperature dependence of the transition
between the hydrodynamic and the collisionless phase,
we use a controlled heating scheme similar to the one de-
scribed in [20], where we hold the gas in a recompressed
trap and let it heat up. We set the magnetic field to 920G
(1/kFa = −0.66), i.e. slightly below the hydrodynamic-
to-collisionless transition, where the regime is still clearly
hydrodynamic. We observe the oscillations in a gas at the
lowest temperature we can achieve in our experiments
(filled circles) and in a “hotter” gas (open triangles) in
Fig. 7. The temperature of the cold gas is . 0.1 TF

and we believe the temperature of the heated gas to be
. 0.2 TF. Figure 7 clearly shows that the frequency for
the colder ensemble is lower than that of the heated one
and the amplitude is lower by roughly a factor of 2. Us-
ing our model in Appendix A this indicates a temperature
driven transfer of the ensemble from the hydrodynamic
to the collisionless regime.
Thus we find that the radial quadrupole mode is suited
to detect temperature induced changes of the collisional
regime of the gas. An exploration of the phase diagram
of our system depending on temperature is possible, but
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beyond the scope of this article. In our lab, work is cur-
rently in progress on the radial scissors mode, which turns
out to be an even better tool for the exploration of tem-
perature effects.

V. CONCLUSIONS

We have presented measurements on the radial
quadrupole mode of an ultracold 6Li Fermi gas in the
BEC-BCS crossover. As a pure surface excitation, this
elementary mode probes hydrodynamic behavior without
being affected by changes in the equation of state. We
have measured the characteristic properties of this col-
lective mode in a wide range of interaction strengths.
Our observations provide new insight into the dynam-
ics of the gas, in particular on the BCS side of the
crossover, where the character of the oscillations abruptly
changes from hydrodynamic to collisionless behavior.
Our measurements presented in this paper show the phe-
nomenon much clearer than in the radial compression
mode [19, 21, 23] and provide quantitative data on the
behavior near the transition. In particular, the data show
that a substantial down shift of the collective mode fre-
quency occurs in the hydrodynamic regime as a precursor
of the transition.

The experimental results support the interpretation
that the coupling of oscillation mode and pairing gap
[13, 25, 29] plays a crucial role for the collective excitation
dynamics on the BCS side of the crossover. We anticipate
that our new quantitative data on the hydrodynamic-to-
collisionless transition will stimulate further theoretical
investigations on this intriguing phenomenon.
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APPENDIX A: SCALING APPROACH AND

EXPANSION EFFECTS

Here we present a theoretical model to describe the
oscillation of the cloud in the trap as well as its expan-
sion after release; the model adopts the scaling approach
applied in [41, 42, 43]. The interplay between the dynam-
ics of the collective mode and the expansion behavior is
of particular interest as it introduces novel methods to

investigate the collisional regime. We use a scaling ap-
proach for both the hydrodynamic and the collisionless
regime [41, 42, 43]. In App. A 1, the limit of a hydrody-
namic gas is presented, whereas in App. A 2, the model in
the collisionless regime is discussed. Based on these mod-
els, we show calculated results for the amplitude and the
phase after expansion in App. A 3.
The scaling approach describes the cloud at the time t
after excitation [41, 42, 43]. Using the scaling function
bi(t) for i = x, y, the width Wi(t) for all times t > 0 can
be written as

Wi(t) = bi(t)Wi(0), (A1)

where Wx(0) = (1 − α)W0 and Wy(0) = (1 + α)W0 are
the initial widths at excitation and W0 is the width of
the cloud without excitation. The initial conditions for
the scaling function are bi(0) = 1 and ḃi(0) = 0.

1. Dynamic behavior in the hydrodynamic limit

In the hydrodynamic limit, the equations of hydrody-
namics lead to the following differential equations for bx

and by [42]

b̈x =
ω2

0x

bx (bxby)
γ − bx ω2

x,

b̈y =
ω2

0y

by (bxby)
γ − by ω2

y, (A2)

where γ is the polytropic index of the equation of state
and bz(t) = 1 for our elongated trap geometry. The pa-
rameters ω0x and ω0y are the trap frequencies at the mo-
ment of excitation (t = 0), when the cloud has no further
excitation and is in thermal equilibrium. In contrast to
this, ωx(t) and ωy(t) are the time dependent trap fre-
quencies. The timing scheme is illustrated in Fig. 3. The
following equation summarizes the behavior of the trap
frequencies ωi(t):

ωi(t) =







ω0i , t = 0
ωr , 0 < t < ttrap
0 , t > ttrap.

(A3)

This enables us to calculate the scaling functions bx and
by as solutions of Eq.(A2) for the in-trap oscillation. In
the limit of small amplitudes (α≪ 1) solutions are

bx = 1 + α(1 − cosωqt),

by = 1− α(1 − cosωqt), (A4)

where ωq =
√

2 ωr is the radial quadrupole oscillation fre-
quency. Together with Eq.(A1), we are able to determine
the difference in widths of the cloud to be

∆W = −2 αW0 cosωqt. (A5)
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2. Dynamic behavior in the collisionless limit

In the collisionless limit, the following set of two uncou-
pled equations characterizes bi, where i stands for x, y,
[43]

b̈i =
ω2

0i

b3

i

− biω
2

i . (A6)

In the limit of small amplitudes (α≪ 1) solutions of the
in-trap oscillation are

bx = 1 +
α

2
(1− cosωqt),

by = 1−
α

2
(1− cosωqt), (A7)

where ωq = 2 ωr is the radial quadrupole oscillation fre-
quency. Together with Eq.(A1), we are able to determine
the difference in widths of the cloud to be

∆W = −αW0 (1 + cosωqt) . (A8)

In contrast to the hydrodynamic limit, the oscillation is
initially not centered around ∆W = 0. Furthermore the
oscillation has an amplitude 1/2 of the amplitude in the
hydrodynamic gas.
Besides the finding of analytical solutions, it is enlight-

ning to understand the collective oscillations in the colli-
sionless limit by considering the phase space dynamics of
the cloud. In Fig. 8, we show the contours of phase space
distributions in the x- and y- directions. The axes are
scaled such that for the round trap, i.e. ωx = ωy = ωr,
the dynamics of any point in phase space is a simple cir-
cular rotation about the origin with frequency ωr. Thus,
the solid circle in Fig. 8 (a) indicates an equilibrium phase
space contour for the round trap. Right after applying
the excitation scheme as described in Sec. III the phase
space contours in the x- and y- direction are given by the
dashed and dotted ellipses in Fig. 8 (a). Since the gas
is fully thermalized at the instant of excitation, the ini-
tial momentum distribution in x- and y- direction is the
same. As time progresses, the elliptic contours will rotate
with frequency ωr (see Fig. 8 (b)), which corresponds to
oscillations in the trap. We note that both the spatial
and the momentum distribution in the x-direction are
never larger than the ones in the y-direction. Therefore,
∆W oscillates between 2αW0 and zero and the aspect
ratio of the cloud never inverts. This is to be compared
to the hydrodynamic case where ∆W oscillates between
±2αW0.
Residual thermalization effects in a near collisionless gas
will damp out the initial oscillation amplitude of αW0

and one will eventually end up again with a circular phase
space contour (see Fig. 8 (c)). This is studied in detail
in Appendix B.

3. Amplitude and phase on expansion

Here we present our calculated results based on the
models in App. A 1 and App. A 2 for the hydrodynamic

wrt = 0

wrt = p/2

wrt ® ¥

x,y

Px,y

x,y

x,y

Px,y

Px,y

(w wq r= 2 )

a)

b)

c)

FIG. 8: Phase space dynamics for the quadrupole mode in
the collisionless regime. Shown are phase space contours of
an ensemble of particles which is held in a round trap (i.e.
ωx = ωy = ωr). In (a) and (b) the situation during the oscil-
lation in the trap is shown for two different times t. The solid
line indicates the equilibrium phase space contour (without
excitation), whereas the dotted (dashed) line shows the con-
tour in the x (y) direction after excitation of the oscillation
mode. (c) After long times, residual thermalization finally
damps out the oscillations and leads to a circular phase space
contour.

and the collisionless limit, respectively. We show the
relative amplitude that is given by the amplitude A
(definition see Eq.(3)) divided by the average width
of the cloud after expansion (for definition details see
Sec. IVB). Calculations of this relative amplitude are
shown in Fig. 9, whereas calculations and measurements
for the phase offset φ are shown in Fig. 10.

Fig. 9 shows the calculated relative amplitude of a
surface mode oscillation in the hydrodynamic (dashed
and dotted curves) and in the collisionless (solid curve)
regime as function of the reduced expansion time
ωrtTOF. The hydrodynamic curves are calculated for
the BEC limit of γ = 1 (upper, dashed curve) and in
the unitarity limit of γ = 2/3 (lower, dotted curve). The
amplitude in the collisionless regime is smaller than in
the hydrodynamic regime. Initially the amplitude of the
excitation is half as large in the collisionless as in the
hydrodynamic regime, as already explained in App. A 2.
In expansion the normalized amplitude stays constant in
the collisionless regime and in the hydrodynamic regime
for γ = 1. For γ = 2/3 in the hydrodynamic regime it
decreases for longer expansion times.
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FIG. 9: (color online). Calculated relative amplitude of a
surface mode oscillation versus reduced time of flight ωrtTOF

after release from the trapping potential. The values are cal-
culated for the hydrodynamic (dashed curve: γ = 1, dotted
curve: γ = 2/3) and collisionless regime (solid curve). The
vertical dotted line marks the typical expansion time in our
experiments.

In Fig. 10 we compare experimental data for the phase
shift φ with numerical simulations. The data have been
taken at unitarity where 1/kFa = 0 (hydrodynamic,
open circles), and on the BCS-side of the resonance at
1/kFa = −1.34 (collisionless, closed triangles). The
dashed line is based on a model for the hydrodynamic
interaction regime and the solid line on a model for the
collisionless regime. The data agree with the theoreti-
cal model where no free fit parameters are used. This
confirms our approach presented above.

APPENDIX B: THERMALIZATION EFFECTS IN

A NEAR-COLLISIONLESS GAS

Here we describe thermalization effects in a near-
collisionless gas that are not included in the model for
the collisionless limit in App. A 2. Despite the word “col-
lisionless”, collisions play a crucial role for thermalization
for our experimental parameters. A typical time scale for
thermalization processes is only a few oscillation cycles
long. By analyzing the theory, we are able to introduce a
universal fit function, as given by Eq.(3), which describes
the oscillation both in the hydrodynamic and in the near-
collisionless regime.
The measured behavior of the nearly collisionless
quadrupole oscillation (see Fig. 4) has two characteris-
tics: after excitation the oscillation is centered around
∆W = (Wx(0) − Wy(0))/2, then after some time it is
centered around ∆W = 0. These two limits are consis-

0 5 10 15 20
0.0

0.5

1.0

 Collisionless

 Hydrodynamic

φ/
π

 

 

ω rtTOF

FIG. 10: (color online) Phase φ of the collective surface
mode as detected by fits according to Eq.(3) versus reduced
expansion time ωrtTOF at unitarity (open circles) and at
1/kFa = −1.34 (filled triangles). The lines are numerical sim-
ulations for the hydrodynamic (dashed line) and collisionless
regime (solid line). The vertical dotted line marks the typical
expansion time in our experiments.

tent with thermalization of the gas on a relevant time
scale greater than the period of the oscillation.
In order to model these effects, we follow a theory based
on a classical gas in the transition between the hydro-
dynamic and the collisionless behavior described in [38].
An application of this theory for the compression mode
in the hydrodynamic regime has been used in [41]. Here
we will handle thermalization effects of the quadrupole
mode in the near-collisionless regime.
Using the classical Boltzmann-Vlasov kinetic equation
in the relaxation-time approximation and ignoring mean
field effects one can derive the following coupled differ-
ential equations [38]

b̈i = ω2

0i

θi

bi

− ω2

i bi (B1)

and

θ̇i =
1

τR

(θi − θ̄)− 2
ḃi

bi

θi. (B2)

The parameter bi is the scaling function described
earlier in Appendix A; θi is a scaling parameter directly
related to the temperature and θ̄ = 1

3
Σkθk. The initial

condition for θi is θi(0) = 1, as long as the gas is in
thermal equilibrium at the moment of the excitation.
The parameter τR is the relaxation time which describes
the time scale of collisions. In the collisionless limit,
when τR → ∞, the differential equations (B1) simplify
to the simple form in Eq. (A6). For the hydrodynamic
limit (τR → 0), we find Eq. (A2).
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FIG. 11: Calculated quadrupole oscillations in the near-
collisionless regime. The lines show the relative difference
in width ∆W as a function of the reduced time ωrttrap. The
oscillation is modeled according to Eq.(B1) and (B2). The
dark line shows the result of the calculation when ωrτR = 2.3
and the grey line shows the coscillation in the collisionless
limit at ωrτR = 1000.

The solutions to these equations depend on the param-
eter τR as can be seen in Fig. 11. Our measured data in
the collisionless regime are well described by ωrτR ∼ 2.3
(compare to Fig. 4).

The universal fit function

We find that the model calculations from (B1) and
(B2) can be well described with the following fit function

∆W = A e−κttrap cos (ωqttrap + φ)

+ C e−ξttrap + y0.
(B3)

The first term describes the exponentially damped oscil-
lations. The second term describes the shift of the center
of the oscillation in the collisionless regime. The third
term y0 is a constant offset which will be discussed later.

We have used Eq.(B3) to fit our experimental mea-
surements. We find that the free fit parameters ξ and κ
are related through ξ/κ ≈ 1.5 for all our measurements
in the near-collisionless regime. In the hydrodynamic
regime C = 0, and therefore ξ becomes irrelevant.
The constant offset y0 is due to an experimental artifact
that results from a slight inhomogeneity of the magnetic
field. At the location of the atoms the inhomogeneous

magnetic field leads to a weak saddle potential which
causes a slight anisotropic expansion during time of
flight. This anisotropy is responsible for a slight offset
in ∆W .

APPENDIX C: CORRECTIONS TO THE

NORMALIZED FREQUENCY

The theoretical normalized frequencies ωq/ωr are cal-
culated for perfectly harmonic trapping potentials in an
idealized symmetric trap geometry. There are small
derivations from this conditions in real experiments. In
order to compare the experimental data to the ide-
alized theoretical case, we have to correct our data.
The measured normalized frequency ωq/ωr of the radial
quadrupole mode has to be increased because of two
small corrections. The larger correction is based upon
a slight anharmonicity of the trapping potential and the
spatial extension of the cloud in the trap. The smaller
correction is caused by a small residual ellipticity of the
trapping potential.
The potential created by our trapping beam has a Gaus-
sian shape. This results in a nearly harmonic poten-
tial in the center of the trap; however, for higher pre-
cision one must take into account higher order terms of
the potential. Anharmonicity effects influence both our
measurements of the sloshing mode frequency, where we
determine ωr, and our measurements of the quadrupole
mode frequency ωq. As we evaluate the normalized fre-
quency ωq/ωr, the anharmonicity effects on sloshing and
quadrupole mode almost cancel out each other. The
small remaining correction to the normalized frequency
is included by multiplying with a prefactor 1+bσ [20, 44].
The anharmonicity parameter σ relates the energy of the
oscillation to the total potential depth and is defined by
σ = 1

2
mω2

rr2
rms/V0, where rrms is the root-mean-square

radius of the trapped cloud and V0 is the potential depth.
The parameter b depends on the interaction regime. In
the hydrodynamic regime, it is given by (4+10γ)/(2+7γ),
whereas in the collisionless regime b is determined by 6/5
[44]. Here, γ is the polytropic index of the equation of
state. In our experiments, typically bσ ≈ 0.014 , but bσ
can rise to an upper limit of bσ < 0.027.
In the hydrodynamic regime, there is also a correction
due to residual ellipticity effects. This correction takes
into account that we compare our measurements with a
theory for non-elliptic geometries. The ellipticity ǫ of the
trap is defined by ǫ = (ωy − ωx)/ωr. In our experiments,
the ellipticity is small and given by ǫ ≈ 0.07. Therefore,
we can apply the ellipticity correction by multiplication
of a prefactor 1 + λǫ2 [20, 44], where the interaction de-
pendent factor λ is given by (γ + 2)/(4γ). Altogether,
λǫ2 is smaller than 0.006 for all data points.
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galhães, S. J. J. M. F. Kokkelmans, G. V. Shlyapnikov,
and C. Salomon, Phys. Rev. Lett. 91, 020402 (2003).

[3] S. Jochim, M. Bartenstein, A. Altmeyer, G. Hendl,
S. Riedl, C. Chin, J. Hecker Denschlag, and R. Grimm,
Science 302, 2101 (2003).

[4] M. Greiner, C. A. Regal, and D. S. Jin, Nature 426, 537
(2003).

[5] M. W. Zwierlein, C. A. Stan, C. H. Schunck, S. M. F.
Raupach, S. Gupta, Z. Hadzibabic, and W. Ketterle,
Phys. Rev. Lett. 91, 250401 (2003).

[6] C. A. Regal, M. Greiner, and D. S. Jin, Phys. Rev. Lett.
92, 040403 (2004).

[7] M. W. Zwierlein, C. A. Stan, C. H. Schunck, S. M. F.
Raupach, A. J. Kerman, and W. Ketterle, Phys. Rev.
Lett. 92, 120403 (2004).

[8] Ultracold Fermi Gases, Proceedings of the Interna-
tional School of Physics “Enrico Fermi”, Course CLXIV,
Varenna, 20 - 30 June 2006, edited by M. Inguscio, W.
Ketterle, and C. Salomon.

[9] D. M. Eagles, Phys. Rev. 186, 456 (1969).
[10] A. J. Leggett, in Modern Trends in the Theory of Con-

densed Matter, edited by A. Pekalski and R. Przystawa
(Springer Verlag, Berlin, 1980), vol. 115 of Lecture Notes

in Physics, p. 13.
[11] P. Nozières and S. Schmitt-Rink, J. Low Temp. Phys. 59,

195 (1985).
[12] J. R. Engelbrecht, M. Randeria, and C. A. R. Sá de Melo,
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Kokkelmans, G. V. Shlyapnikov, and C. Salomon, Measurement of the In-
teraction Energy near a Feshbach Resonance in a 6Li Fermi Gas, Phys.
Rev. Lett. 91, 020402 (2003).

[Bou04] T. Bourdel, L. Khaykovich, J. Cubizolles, J. Zhang, F. Chevy, M. Teich-
mann, L. Tarruell, S. J. J. M. F. Kokkelmans, and C. Salomon, Experimen-
tal Study of the BEC-BCS Crossover Region in Lithium 6, Phys. Rev. Lett.
93, 050401 (2004).

[Bra95] C. C. Bradley, C. A. Sackett, J. J. Tollett, and R. G. Hulet, Evidence of
Bose-Einstein Condensation in an Atomic Gas with Attractive Interactions,
Phys. Rev. Lett. 75, 1687 (1995), ibid. 79, 1170 (1997).

[Bra06] E. Braaten and H.-W. Hammer, Universality in few-body systems with large
scattering length, Phys. Rep. 428, 259 (2006).

[Bru00] G. M. Bruun and C. W. Clark, Ideal gases in time-dependent traps, Phys.
Rev. A 61, 061601(R) (2000).

[Bug05] C. Buggle, P.Pedri, W. von Klitzing, and J. Walraven, Shape oscillations in
nondegenerate Bose gases: Transition from the collisionless to the hydro-
dynamic regime, Phys. Rev. A 72, 043610 (2005).

158



References

[Bul05] A. Bulgac and G. F. Bertsch, Collective oscillations of a trapped Fermi gas
near the unitary limit, Phys. Rev. Lett. 94, 070401 (2005).

[Car03] J. Carlson, S.-Y. Chang, V. Pandharipande, and K. Schmidt, Superfluid
Fermi Gases with Large Scattering Length, Phys. Rev. Lett. 91, 050401
(2003).

[Cas96] Y. Castin and R. Dum, Bose-Einstein Condensates in Time-Dependent
Traps, Phys. Rev. Lett. 77, 5315 (1996).

[Che02] F. Chevy, V. Bretin, P. Rosenbusch, K. W. Madison, and J. Dalibard, Trans-
verse Breathing Mode of an Elongated Bose-Einstein Condensate, Phys.
Rev. Lett. 88, 250402 (2002).

[Che04] Q. Chen, J. Stajic, S. Tan, and K. Levin, BCS-BEC Crossover: From High
Temperature Superconductors to Ultracold Superfluids, Physics Reports
412, 1 (2004).

[Chi02] M. L. Chiofalo, S. J. J. M. F. Kokkelmans, J. N. Milstein, and M. J. Holland,
Signatures of Resonance Superfluidity in a Quantum Fermi Gas, Phys. Rev.
Lett. 88, 090402 (2002).

[Chi04a] C. Chin, M. Bartenstein, A. Altmeyer, S. Riedl, S. Jochim, J. Hecker Den-
schlag, and R. Grimm, Observation of the pairing gap in a strongly in-
teracting Fermi gas, Science 305, 1128 (2004), published online 22 July
2004; 10.1126/science.1100818.

[Chi04b] C. Chin and R. Grimm, Thermal equilibrium and efficient evaporation of
an ultracold atom-molecule mixture, Phys. Rev. A 69, 033612 (2004).

[Com04a] R. Combescot and X. Leyronas, Axial collective excitations of a degener-
ate Fermi gas in the BEC to unitarity crossover, Europhys. Lett. 68, 762
(2004).

[Com04b] R. Combescot and X. Leyronas, Comment on “Collective excitations of a
degenerate gas in the BEC-BCS crossover”, Phys. Rev. Lett. 93, 138901
(2004).

[Com06] R. Combescot, M. Kagan, and S.Stringari, Collective mode of ho-
mogeneous superfluid Fermi gases in the BEC-BCS crossover (2006),
http://arxiv.org/abs/cond-mat/0607493.

[Coo56] L. N. Cooper, Bound Electron Pairs in a Degenerate Fermi Gas, Phys. Rev.
104, 1189 (1956).

159



References

[Coz03] M. Cozzini and S. Stringari, Fermi Gases in Slowly Rotating Traps: Su-
perfluid versus Collisional Hydrodynamics, Phys. Rev. Lett. 91, 070401
(2003).

[Cub03] J. Cubizolles, T. Bourdel, S. Kokkelmans, G. Shlyapnikov, and C. Sa-
lomon, Production of Long-Lived Ultracold Li2 Molecules from a Fermi
Gas, Phys. Rev. Lett. 91, 240401 (2003).

[Dal97a] F. Dalfovo, S. Giorgini, M. Guilleumas, L. Pitaevskii, and S. Stringari,
Collective and single-particle excitations of a trapped Bose gas, Phys. Rev.
A 56, 3840 (1997).

[Dal97b] F. Dalfovo, C. Minniti, and L. P. Pitaevskii, Frequency shift and mode cou-
pling in the nonlinear dynamics of a Bose-condensed gas, Phys. Rev. A 56,
4855 (1997).

[Dal99a] F. Dalfovo, S. Giorgini, L. P. Pitaevskii, and S. Stringari, Theory of Bose-
Einstein condensation in trapped gases, Rev. Mod. Phys. 71, 463 (1999).

[Dal99b] J. Dalibard, Collisional dynamics of ultra-cold atomic gases, in: M. Ingus-
cio, S. Stringari, and C. E. Wieman (Eds.), Proceedings of the International
School of Physics - Enrico Fermi, 321, IOS Press, 1999.

[Dav95] K. B. Davis, M.-O. Mewes, M. R. Andrews, N. J. van Druten, D. S. Dur-
fee, D. M. Kurn, and W. Ketterle, Bose-Einstein Condensation in a Gas of
Sodium Atoms, Phys. Rev. Lett. 75, 3969 (1995).

[DeM99] B. DeMarco and D. S. Jin, Onset of Fermi Degeneracy in a Trapped Atomic
Gas, Science 285, 1703 (1999).

[DeM01] B. DeMarco, S. B. Papp, and D. S. Jin, Pauli Blocking of Collisions in a
Quantum Degenerate Atomic Fermi Gas, Phys. Rev. Lett. 86, 5409 (2001).

[Die02] K. Dieckmann, C. A. Stan, S. Gupta, Z. Hadzibabic, C. H. Schunck, and
W. Ketterle, Decay of an Ultracold Fermionic Lithium Gas near a Fesh-
bach Resonance, Phys. Rev. Lett. 89, 203201 (2002).

[Die04] R. B. Diener and T.-L. Ho, The Condition for Universality at Resonance
and Direct Measurement of Pair Wavefunctions Using rf Spectroscopy
(2004), http://arxiv.org/abs/cond-mat/0405174.

[Eag69] D. M. Eagles, Possible Pairing without Superconductivity at Low Carrier
Concentrations in Bulk and Thin-Film Superconducting Semiconductors,
Phys. Rev. 186, 456 (1969).

160



References

[Edw96] M. Edwards, P. A. Ruprecht, K. Burnett, R. J. Dodd, and C. W. Clark,
Collective Excitations of Atomic Bose-Einstein Condensates, Phys. Rev.
Lett. 77, 1671 (1996).
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W. Ketterle, Surface Excitations of a Bose-Einstein Condensate, Phys. Rev.
Lett. 84, 810 (2000).

[Osp06] C. Ospelkaus, S. Ospelkaus, K. Sengstock, and K. Bongs, Interaction-
Driven Dynamics of [sup 40]K-[sup 87]Rb Fermion-Boson Gas Mixtures
in the Large-Particle-Number Limit, Phys. Rev. Lett. 96 (2006).

[Par05] G. B. Partridge, K. E. Strecker, R. I. Kamar, M. W. Jack, and R. G. Hulet,
Molecular Probe of Pairing in the BEC-BCS Crossover, Phys. Rev. Lett.
95, 020404 (2005).
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dieses Kapitels meines Lebens.

171


	Title page
	Abstract
	Zusammenfassung
	Table of contents
	1 Introduction
	2 Degenerate quantum gases in the BEC-BCS crossover
	2.1 Degenerate Bose gases
	2.1.1 Ideal, noninteracting Bose gas
	2.1.2 Interacting BEC

	2.2 Degenerate Fermi gases
	2.2.1 Ideal Fermi gas
	2.2.2 Interacting Fermi gas and BCS theory

	2.3 BEC-BCS crossover
	2.3.1 Interactions in 6Li and Feshbach resonance
	2.3.2 BEC regime
	2.3.3 Unitarity regime
	2.3.4 BCS regime


	3 Theory of collective oscillations
	3.1 Collective modes in the hydrodynamic and collisionless regimes
	3.1.1 Hydrodynamic regime
	3.1.2 Collisionless regime

	3.2 Compression mode
	3.3 Quadrupole surface mode
	3.4 Scissors mode
	3.5 Corrections for real trap geometries
	3.5.1 Ellipticity corrections
	3.5.2 Anharmonicity corrections


	4 Experimental setup
	4.1 Vacuum system and atomic beam
	4.2 Trapping techniques
	4.2.1 Magneto-optical trap
	4.2.2 Resonator trap
	4.2.3 Dimple trap

	4.3 Magnetic field coils
	4.4 Detection system
	4.4.1 Fluorescence measurement
	4.4.2 Absorption imaging
	4.4.3 Particle number determination


	5 Basic experimental methods
	5.1 BEC of molecules
	5.1.1 Formation of molecules
	5.1.2 Evaporation

	5.2 Measurement of trap frequencies
	5.2.1 Sloshing mode
	5.2.2 Rotation fit

	5.3 Controlled heating procedure

	6 Measurements of the compression mode
	6.1 Theoretical predictions
	6.2 Experimental realization
	6.3 Corrections of experimental imperfections
	6.3.1 Ellipticity corrections
	6.3.2 Anharmonicity corrections
	6.3.3 Other types of corrections

	6.4 Results
	6.4.1 Precision results in the strongly interacting BEC regime
	6.4.2 Reinterpretation of previous results


	7 Measurements of the quadrupole surface mode
	7.1 Experimental procedure
	7.2 Expansion dynamics and thermalization
	7.2.1 Dynamic behavior in the hydrodynamic limit
	7.2.2 Dynamic behavior in the collisionless limit
	7.2.3 Amplitude and phase on expansion
	7.2.4 Thermalization effects in a near-collisionless gas

	7.3 Results
	7.3.1 Frequency and damping
	7.3.2 Phase shift and amplitude
	7.3.3 Further observations


	8 Outlook
	8.1 Measurements of the scissors mode
	8.1.1 Experimental realization
	8.1.2 First results

	8.2 Temperature dependence of collective modes
	8.3 Rotating systems
	8.4 Elaborate optical potentials

	A Publications
	References

